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S u m m a r y
A method of estimating the relative position and orientation of a known target satellite 
is presented, using only passive imagery. Such a method is intended as a prelude 
to a system required in future autonomous satellite docking missions. Using a single 
monocular image, and utilising knowledge of the target spacecraft, estimation of the 
target’s six relative rotation and translation parameters w ith  respect to the camera are 
found.
Pose estimation is divided into modular sections. Each frame is processed to detect 
the major lines in  the image, and correspondence information between detected lines 
and a-priori target information is estimated, resulting in a list of line-to-model corres­
pondences. This correspondence information is used to estimate the pose of the target 
required to produce such a correspondence list. M ultip le possible pose estimates are 
generated and tested, where each estimate contains the three rotation and translation 
parameters. The best estimates go through to the least-squares m inim isation phase, 
which reduces estimation error and provides statistical information for multi-frame 
filtering. The final estimate vector and covariance m atrix is the end result for each 
frame.
Estimates of the target location over time allow the relative orbit parameters of the 
target to be estimated. Location estimates are filtered to f it an orbit model based on 
H ill ’s Equations, and statistical information gathered w ith  each estimate is including 
in the filte r process when estimating the orb it parameters. These orb it parameters 
allow prediction of the target location w ith  time, which w ill enable mission planning 
and safety analysis of potential orb it manoeuvres in close proxim ity to the target.
Testing is carried out by a detailed simulation system, which renders accurate im­
ages of the target satellite given the true pose of the target w ith  respect to the inertial 
reference frame. The rendering software used takes into account lighting conditions, re­
flections, shadowing, specularity, and other considerations, and further post-processing 
is involved to produce a realistic image. Target position over time is modelled on orb it 
dynamics w ith  respect to a defined inertia l frame. Transformation between inertial, 
target, and camera frames of reference are dealt w ith, to transform a rotating target in 
the inertia l frame to the apparent rotation in  the camera frame.
Key words: Machine Vision, Satellite Systems, Pose Estimation, Relative O rbit De­
termination, Imaging Simulations, Rendezvous and Docking, Remote Inspection
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Chapter 1. Introduction
C h a p t e r  1
In t r o d u c t io n
1 . 1  M o t i v a t i o n
S p a c e c ra ft  R e n d e z v o u s  a n d  D o c k in g  ( R V D )  h as  b e e n  p e r fo rm e d  r o u t in e ly  w i t h  h u m a n s  
in  th e  lo o p , b u t  re c e n t ly  in te re s t  h as  b e e n  s h o w n  in  p e r fo r m in g  th is  c o m p lic a te d  ta s k  
a u to n o m o u s ly . H u m a n  c o n tro l f r o m  th e  g ro u n d  re q u ire s  la r g e -b a n d w id th  c o m m u n ic a ­
t io n s  in  o rd e r  to  h a v e  c o n tin u o u s  d a ta  w i t h  lo w  d e la y s . G r o u n d  v is ib i l i ty  c o n s tra in ts  
w i t h  L o w - E a r t h - O r b i t  ( L E O )  s a te ll ite s  m e a n s  t h a t  d ir e c t  c o m m u n ic a t io n  c a n  o n ly  c o m e  
a t  c e r ta in  t im e s , u n le s s  e x p e n s iv e  re la y  c o m m u n ic a t io n s  a re  in v o lv e d  ( i f  e v e n  a v a il­
a b le ) .  R e n d e z v o u s  a n d  d o c k in g  re q u ire s  m a n o e u v re s  w h ic h  m a y  p o s it io n  s a te ll ite s  so 
t h a t  c o m m u n ic a t io n s  a n te n n a s  a re  n o  lo n g e r  o p t im a l ly  a lig n e d  w i t h  th e  g ro u n d -s ta t io n  
re c e iv e rs , o r p o s s ib ly  th e  ta r g e t  s a te l l i te  m a y  o c c lu d e  th e  g ro u n d  s ta t io n  a l l  to g e th e r .  
I n  e ffe c t, th e re  a re  R V D  s itu a t io n s  w h e re  h u m a n  c o n tro l f r o m  th e  g ro u n d  is s im p ly  n o t  
a v a ila b le , a n d  a u to n o m o u s  c o n tro l is re q u ire d .
T h e r e  a re  a lso  s itu a t io n s  w h e re  i t  is d e s ira b le  to  h a v e  s o m e  a u to n o m y , in  o rd e r  to  
m in im is e  th e  w o r k lo a d  o f  th e  h u m a n  o p e ra to r ,  th u s  a l lo w in g  th e  o p e ra to r  to  c o n tro l  
m o re  s a te ll ite s . I n  a re a s  in v o lv in g  h u m a n  a c t iv i t y  in  s p ace , fo r  e x a m p le  th e  u p -c o m in g  
In t e r n a t io n a l  S p a c e  S ta t io n  ( IS S ) ,  th e r e  a re  re q u ire m e n ts  fo r  a u to n o m o u s  re n d e z v o u s  
a n d  d o c k in g  in  o rd e r  to  u t i l is e  r o b o t ic  a id  w h i le  a t  th e  s a m e  t im e  fre e in g  a s tro n a u ts  
to  c a r r y  o u t  o th e r  ta s k s . O n e  p a r t ic u la r  a c t iv i t y  t h a t  c o u ld  b e  c a r r ie d  o u t  b y  m a c h in e  
is re m o te  in s p e c tio n  o f  th e  IS S . In s p e c t io n  in v o lv e s  m a n y  o f  th e  s a m e  p ro b le m s  as  
re n d e z v o u s  a n d  d o c k in g , a n d  a  s y s te m  c a p a b le  o f  a u to n o m o u s ly  d o c k in g  s h o u ld  a lso  b e  
c a p a b le  o f  in s p e c tio n . D u r in g  a n d  a f te r  c o n s tru c t io n , IS S  w i l l  n e e d  to  b e  m a in ta in e d ,
1
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in c lu d in g  re g u la r  in s p e c tio n s  fo r  le a k s  a n d  im p a c t  d a m a g e  f r o m  m ic r o -o r b ita l  d e b r is , 
o r  m o re  im m e d ia te  in s p e c tio n s  f r o m  th e  o c c a s io n a l a c c id e n t .
D u r in g  c o n s tr u c t io n  o f  th e  IS S , e x te r n a l  v ie w s  w i l l  p ro v id e  in v a lu a b le  s u p p o r t  fo r  r e n ­
d ezv o u s  a n d  d o c k in g  o f  s ta t io n  s e g m e n ts , as w e ll  as d o c k in g  o f  r e -s u p p ly  v e h ic le s , a n d  
c re w  t ra n s fe r  w i t h  th e  S p a c e  S h u t t le .  E x t e r n a l  d a m a g e  c a n  b e  assessed, a n d  s t r u c tu r a l  
ir r e g u la r i t ie s  c a n  b e  e x a m in e d . S y s te m s  t h a t  f a i l  to  d e p lo y , fo r  e x a m p le  u n fo ld in g  s o la r  
p a n e ls  o r u n fu r l in g  a n te n n a s , w i l l  re q u ir e  a n  e x te r n a l  v ie w p o in t  to  assess th e  b e s t c o u rse  
o f  a c t io n . I n  m a n y  cases, i t  w i l l  b e  p o s s ib le  to  ass ig n  m a n n e d  E x t r a - V e h ic u la r  A c t iv i t ­
ies ( E V A ’s) to  p ro v id e  th is  v ie w p o in t .  H o w e v e r , m a n n e d  E V A s  c a n  b e  v e ry  e x p e n s iv e ,  
a n d  in  som e  c irc u m s ta n c e s , a n  E V A  m a y  n o t  b e  p e rm is s ib le , d u e  to  a n  u n u s u a lly  h a rs h  
e n v ir o n m e n t .  A s  space  s u its  o p e ra te  a t  3 0 k P a  [S E L L -9 4 ]  [5 3 ], th e  a s tro n a u ts  m u s t  
d e -p re s s u r is e  fo r  12 h o u rs  b e fo re  c o m m e n c in g  E V A ,  a n d  m u s t b r e a th  p u re  o x y g e n  fo r  
th e  la s t  3 -4  h o u rs  b e fo re  d e p a r tu r e .  T h e s e  a re  p re c a u t io n a r y  m e a s u re s , to  p ro te c t  th e  
a s tro n a u ts  f ro m  n it r o g e n  b u b b le s  fo r m in g  in  th e  b lo o d , a  c o n d it io n  k n o w n  as “th e  
b e n d s ” . T h u s , a n y  E V A  m u s t  b e  p la n n e d  fo r , a n d  a n y  u n fo re s e e n  e v e n t w i l l  ta k e  t im e  
to  re a c t  to . I n  cases w h e re  a  q u ic k  in s p e c t io n  is c a lle d  fo r , o r  a t  t im e s  w h e n  a n  E V A  is 
to o  d a n g e ro u s , a n  u n m a n n e d  s y s te m  m u s t b e  u sed .
T h e r e  a re  c u r r e n t  e x a m p le s  o f  n o n -a u to n o m o u s  in s p e c tio n  s a te ll ite s , ‘f ly in g  c a m e ra s ’ 
t h a t  g iv e  th e  h u m a n  c o n tro lle r  a n  e x te r n a l  v ie w -p o in t .  A E R C a m  S p r in t  [1] (w h ic h  
f le w  o n  th e  S p a c e  S h u t t le  M is s io n  S T S -8 7  in  N o v e m b e r  1 9 9 7 ) ,  th e  D a im le r -B e n z  I n ­
s p e c to r  ( in te n d e d  to  in s p e c t  th e  M i r  space  s ta t io n  in  D e c e m b e r  1 9 9 7 , b u t  fa i le d  a f te r  
s e p a r a t io n ) ,  a n d  th e  E u r o p e a n  S p a c e  A g e n c y ’s p la n n e d  F r e e -F ly in g  M ic r o  O b s e rv e r  a re  
a l l  p re lu d e s  o f  r e m o te -p i lo te d  in s p e c t io n  s a te ll ite s  fo r  th e  In t e r n a t io n a l  S p a c e  S ta t io n .  
H o w e v e r , a l l  o f  th e s e  e x a m p le s  r e q u ir e  th e  a s t r o n a u t ’s f u l l - t im e  a t te n t io n .  E v e n  p a r t ia l  
a u to n o m y  c o u ld  p ro v id e  b e n e f ic ia l  a id  to  th e  a s tr o n a u t ,  a n d  a l lo w  p o s s ib le  c o n tro l o f  
m o re  t h a n  o n e  in s p e c t io n  c r a f t  a t  th e  s a m e  t im e .
A  p o s s ib le  im p e d im e n t  to  th e  use o f  a u to n o m o u s  o r  n e a r -a u to n o m o u s  s a te ll ite s  o p e r ­
a t in g  n e a r  h u m a n -c re w e d  s p a c e c ra ft  w o u ld  b e  th e  g u a ra n te e  t h a t  f l ig h t  s a fe ty  ru le s  
a re  a lw a y s  o b s e rv e d . S u c h  g u a ra n te e s  w o u ld  p r o b a b ly  b e  m a jo r  m is s io n  d r iv e rs , a n d  
s itu a t io n s  su ch  as a  loss o f  n a v ig a t io n  m u s t b e  ta k e n  in to  c o n s id e ra t io n . P a s s iv e  s a fe ty  
w o u ld  b e  re q u ire d  so t h a t  fa i lu r e  w o u ld  n o t  re s u lt  in  a n  im p a c t  o r  u n s a fe  m o t io n  in  
a n y  c irc u m s ta n c e . F o r  e x a m p le , n a v ig a t io n  a t  n ig h t  w o u ld  p r o b a b ly  b e  p r o h ib ite d ,  u n ­
less a r t i f ic ia l  l ig h t in g  o r  o th e r  a id s  w e re  p r o v id e d . I n  o rd e r  to  p re v e n t  n ig h t  o c c u rr in g
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d u r in g  a n  in s p e c to r  m is s io n , e c lip s e  t im e s  a n d  th e  c u r re n t  t im e  w o u ld  b e  r e q u ir e d .
T h e  n e x t  s te p  a f t e r  r e m o te  in s p e c tio n  m is s io n s  a re  in - o r b it  s e rv ic in g  m is s io n s , w h e re  
s a te ll ite s  a re  d e s ig n e d  to  a u to n o m o u s ly  d o c k  w i t h  a n d  re fu e l e x is t in g  s a te ll ite s  a lre a d y  
in  o r b it .  A l t h o u g h  n o t  c u r r e n t ly  a c h ie v a b le , th e  U S A F  h as  in te re s ts  in  th is  a re a  [33 ], 
as does J a p a n , t h e i r  m o s t re c e n t  success b e in g  th e  E T S - V I I  s a te l l i te  [28 ]. T h is  m is s io n  
p e r fo rm e d  th e  s u c cess fu l d e ta c h m e n t  a n d  re -d o c k in g  o f  a  chaser a n d  ta r g e t  in  r e la t iv e ly  
c o n tro lle d  c o n d it io n s , u s in g  o n -b o a rd  D i f f e r e n t ia l  G P S  as w e ll as o p t ic a l  m a rk e rs . T h e  
m is s io n  w as  d e s ig n e d  as a  p re -c u rs o r  to  a  m o re  c a p a b le  fu tu r e  in - o r b it  s e rv ic in g  m is s io n .  
In - o r b i t  s e rv ic in g  in c lu d e s  p u s h in g  d e a d  g e o s ta t io n a ry  s a te ll ite s  in to  g ra v e y a rd  o rb its .  
O n e  e x a m p le  is th e  p ro p o s e d  E x p e r im e n ta l  S e r v ic in g  S a te l l i te  (E S S )  [54 ]. F o r  th e s e  
m o re  d e m a n d in g  m is s io n s , e v e n  g re a te r  le v e ls  o f  o n -b o a rd  a u to n o m y  a re  r e q u ir e d . F o r  
g e o s ta t io n a ry  m is s io n s  su c h  as th e  E S S , w h e re  c o n s ta n t  g r o u n d s ta t io n  c o n ta c t  a llo w s  
h u m a n  c o n tro l,  a u to n o m y  is s t i l l  re q u ir e d  as a  p i lo t  a id  a n d  to  o v e rc o m e  s ig n a l d e la y .
T h e  re q u ir e m e n t  fo r  a u to n o m o u s  in s p e c t io n  a n d  d o c k in g  is n o t  re s t r ic te d  to  m a n -m a d e  
o b je c ts . F o r  e x a m p le , d e v e lo p m e n t  o f  a n  a u to n o m o u s  v is io n -b a s e d  m o o n  la n d e r  is  u n ­
d e r w a y  [27 ], w h e re  th e  la n d in g  s ite  a n d  n a v ig a t io n  w i l l  b e  e v a lu a te d  a u to n o m o u s ly  v ia  
th e  o n -b o a r d  v is io n  s y s te m . A l th o u g h  th is  s y s te m  is s o m e w a y  f r o m  re a lis a t io n , th e  
a u th o rs  o f  [27] a re  c o n f id e n t  e n o u g h  to  c o n c lu d e  t h a t  a u to n o m o u s  s o ft lu n a r  la n d in g s  
s h o u ld  b e  p o s s ib le , a n d  s h o u ld  b e  m o re  c a p a b le  t h a n  e x is t in g  ra d a r -b a s e d  s o lu tio n s . 
M a r s  is a n o th e r  p o s s ib le  ta r g e t  [37 ], w h e r e  o r b i t  d e te r m in a t io n  a n d  s c ie n tif ic  e x p e r i ­
m e n ts  a re  b e in g  im p ro v e d  u s in g  p h o to g r a m m e tr ic  im a g e  in fo r m a t io n .
A u to n o m o u s  d o c k in g  p ro p o s e d  in  th is  w o r k  is d if fe re n t  f r o m  p re s e n t-d a y  a u to m a te d  
d o c k in g , w h e r e  th e  s a te l l i te  in te rc e p ts  a n d  d o c k s  w i t h  a  t a r g e t  o f  k n o w n  p ose -  th e  
P ro g re s s  r e -s u p p ly  v e h ic le s  h a v e  b e e n  d o c k in g  w i t h  th e  M i r  S p a c e  S ta t io n  fo r  a  n u m b e r  
o f  y e a rs  a u to m a t ic a l ly .  R e c e n t  e x a m p le s  o f  a u to m a te d  d o c k in g  s y s te m s  c a n  b e  fo u n d  
in  [71 , 17 ]. A u to m a t e d  d o c k in g  s y s te m s  use as m u c h  in fo r m a t io n  as p o s s ib le , in c lu d in g  
a b s o lu te  a n d  r e la t iv e  G P S ,  la s e r  ra n g in g , r a d a r ,  a n d  im a g in g  to  e n s u re  a  safe  in te r c e p t  
a n d  d o c k in g  w i t h  a  c o -o p e ra t iv e  ta r g e t .  T h e  m a jo r i t y  o f  th is  s e n s o ry  in fo r m a t io n  is  
t a k e n  f ro m  a c t iv e  in s t r u m e n ts , w i t h  c o n s ta n t  o r  n e a r -c o n s ta n t  c o m m u n ic a t io n s  b e tw e e n  
th e  tw o  s p a c e c ra ft . T h is  w o r k  d e a ls  w i t h  th e  cases w h e re  su ch  a  w e a lth  o f  in fo r m a t io n  
re g a rd in g  th e  ta r g e t  is  n o t  a v a ila b le .
C lo s e r  to  h o m e , S u r r e y  S p a c e  C e n tr e  h as  re c e n t ly  (J u n e  2 0 0 0 )  la u n c h e d  th e  6 .5  k g  
S N A P - 1  N a n o s a te l l i te  [6 1 , 2 9 ], as a n  in - o r b it  te s t  b e d  fo r  re m o te  in s p e c tio n . T h is
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p ro v id e s  th e  C e n tr e  w i t h  re a l  in - o r b it  im a g e s  o f  th e  T s in g h u a  M ic r o s a te l l i te ,  w h ic h  w i l l  
p re s e n t th e  o p p o r tu n i t y  to  te s t  som e  o f  th e  w o r k  p re s e n te d  in  th is  th e s is  o ff - l in e  a f te r  th e  
d a ta  h as b e e n  re c e iv e d . S u r r e y  S p a c e  C e n tr e  w i l l  p o s s ib ly  b e  d e s ig n in g  a  secon d  S N A P  
s a te l l i te ,  w h ic h  s h o u ld  g iv e  th e  o p p o r tu n i ty  to  te s t  a u to n o m o u s  in s p e c tio n  a lg o r ith m s  
in - o r b it .  T o  d a te ,  th e re  h as  b e e n  v e ry  l i t t l e  r e a l  in - o r b it  te s t d a ta .  W i t h  th e  a d v e n t  o f  
S N A P  series  o f  s a te ll ite s , th is  s i tu a t io n  s h o u ld  h o p e fu lly  c h a n g e .
G r e a te r  a u to n o m y  w o u ld  a llo w  in s p e c t io n  to  b e  c a r r ie d  o u t  o n  a  w id e r  sca le , a n d  
s h o u ld  b e  c h e a p e r , o n c e  th e  in i t i a l  cost o f  re s e a rc h  a n d  d e v e lo p m e n t o f  a u to n o m y  
h as  b e e n  o v e rc o m e . O n c e  th e  c o n tr o lle r  does n o t  h a v e  to  in s t r u c t  in d iv id u a l  a c tio n s  
a n d  c a n  in s te a d  g iv e  h ig h e r - le v e l c o m m a n d s  such  as “r e p a ir  s o la r  p a n e l” o r  “d e te c t  
d a m a g e ” , a  m u c h  la rg e r  n u m b e r  o f  s a te ll ite s  c a n  b e  c o n tro lle d  a t  once . L a rg e -s c a le  
space  o p e ra t io n s  w o u ld  n o t  n e c e s s a rily  m e a n  a  la rg e -s c a le  g ro u n d  s ta t io n  n e tw o r k  o r  
g lo b a l c o m m u n ic a t io n  s y s te m s . L o n g  s ig n a l d e la y s  c o u ld  b e  h a n d le d  safe ly . I f  th e  
in s p e c to r  c a n  b e  m a d e  s m a ll  e n o u g h , i t  m a y  b e  p o s s ib le  to  in c lu d e  th e s e  as p a r t  o f  a  
la rg e r  s a te l l i te ,  so t h a t  in  th e  e v e n t  o f  a n  e m e rg e n c y , th is  s m a ll  s a te l l i t e  c o u ld  d e ta c h  
a n d  c a r r y  o u t  in s p e c tio n . I f  p o w e r  a n d  fu e l  w as  ta k e n  f r o m  th e  la rg e r  s a te l l i te ,  i t  
m ig h t  b e  p o s s ib le  to  re d u c e  th e  s ize  o f  th is  in s p e c tio n  s a te l l i te  e v e n  fu r th e r .  T h e  e n d  
re s u lt  w o u ld  b e  a  la rg e  s a te l l i te  c a p a b le  o f  in i t ia t in g  its  o w n  in s p e c t io n , w i t h  a  s m a ll  
in s p e c tio n  c ra f t  c a p a b le  o f  d e ta c h in g , c a r r y in g  o u t  in s p e c tio n , a n d  th e n  r e tu r n in g  to  
re -d o c k .
A  m a jo r  im p e d im e n t  to  th e  c re a t io n  o f  a u to n o m o u s  in s p e c t io n  s a te ll ite s  is th e  a b i l i t y  to  
n a v ig a te  a ro u n d  a  k n o w n  ta r g e t  u n a id e d  a n d  to  lo c a te  th e  d o c k in g  p o r t  o r  a t ta c h m e n t  
p o s it io n . T h e  re s e a rc h  o u t l in e d  in  th is  th e s is  d e s c rib e s  th e  b e g in n in g  o f  a n  im a g e  
p ro c e s s in g  s y s te m  t h a t  w i l l  e n a b le  a  s a te l l i t e  in  close p r o x im ity  o f  a  ta r g e t  to  d o c k  
a u to n o m o u s ly , a n d  w h ic h  w i l l  a lso  e n c o m p a ss  th e  a b i l i t y  to  n a v ig a te  a n d  in s p e c t  th e  
ta r g e t .
1 .2  D i s c u s s i o n  o f  P r o b l e m
T h is  w o r k  is c o n c e rn e d  w i t h  a u to n o m o u s  d o c k in g  b e tw e e n  th e  d o c k in g  c ra f t  (a ls o  re ­
fe r re d  to  as th e  in s p e c t io n  c r a f t )  a n d  th e  ta r g e t .  T h e  ta r g e t  c a n n o t b e  re l ie d  u p o n  
fo r  h e lp , a n d  is th e re fo re  a s s u m e d  to  b e  n o n  c o -o p e ra t iv e . T h is  im p lie s  t h a t  th e re  w i l l  
b e  n o  c o m m u n ic a t io n s  b e tw e e n  th e  tw o  s p a c e c ra ft, a n d  n o  m a n o e u v re s  b y  th e  ta r g e t
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to  a id  in  d o c k in g . A  la c k  o f  a n y  fo r m  o f  c o m m u n ic a t io n , in c lu d in g  ra n g in g  o r  G P S  
in fo r m a t io n  f r o m  th e  t a r g e t ,  w o u ld  m e a n  t h a t  D i f fe r e n t ia l  G P S  w o u ld  n o t  b e  a v a ila b le .
W i t h  a  n o n  c o -o p e r a t in g  ta r g e t ,  th e  in s p e c t io n  /  d o c k in g  s a te l l i te  m u s t o b ta in  its  o w n  
in fo r m a t io n .  A n y  in s p e c t io n  s y s te m , a u to n o m o u s  o r  o th e rw is e , s h o u ld  b e  c a p a b le  o f  
p as s iv e  im a g in g . I n  c o m p a r is o n  w i t h  a c t iv e  te c h n iq u e s , im a g in g  s h o u ld  b e  c h e a p e r  
a n d  s im p le r  t h a n  a  r a d a r  s y s te m , a n d  s h o u ld  p ro v id e  b e t t e r  s p a t ia l  re s o lu t io n . L a s e r  
s y s te m s  m a y  re q u ir e  m o re  p o w e r , use  m e c h a n ic a lly  m o v in g  p a r ts  to  s can  a n  im a g e ,  
a n d  m a y  ta k e  m u c h  m o re  t im e .  A c t iv e  s y s te m s  c o u ld  b e  a d d e d  to  im p ro v e  th e  d o c k in g  
p e r fo rm a n c e , b u t  as im a g e s  a re  a lr e a d y  a v a ila b le  o n  a n  in s p e c tio n  s a te l l i te  a n d  s u p p ly  
a  la rg e  a m o u n t  o f  in fo r m a t io n  o n  th e  e n v ir o n m e n t ,  i t  is a s s u m e d  in  th is  w o r k  t h a t  
p a s s iv e  im a g e s  a re  th e  p r in c ip a l  s e n s o ry  d a t a  u s e d  fo r  a u to n o m o u s  d o c k in g .
T h e  i n i t i a l  p a r t  o f  th e  d o c k in g  /  in s p e c t io n  m is s io n  c a n  b e  m o d e lle d  as a n  ’a p p ro a c h  
p h a s e ’ . P r o m  a  r e la t iv e ly  c lose d is ta n c e  to  th e  ta r g e t ,  th e  in s p e c tio n  c ra f t  w i l l  h a v e  
th e  ta r g e t  in  v ie w , a n d  w i l l  b e  m o v in g  ro u g h ly  to w a rd s  th e  ta r g e t .  E x a c t ly  h o w  th e  
in s p e c tio n  c ra f t  a r r iv e d  in  th e  v ic in i t y  o f  th e  ta r g e t ,  m a d e  s u re  th e  t a r g e t  w as  in  v ie w ,  
a n d  in i t ia te d  c lo s in g  m a n o e u v re s  is p a r t  o f  th e  p r e l im in a r y  s tag es  t h a t  is a s s u m e d  to  
b e  a lr e a d y  c o m p le te d . T h is  is n o t  a n  u n re a s o n a b le  a s s u m p tio n , a n d  th e  fo llo w in g  tw o  
a re  p o s s ib le  e x p la n a t io n s :
1. A  su ccess fu l in te r c e p t ,  e ith e r  f r o m  th e  in s p e c t io n  c r a f t  i t s e l f  o r f r o m  som e ’m o t h e r ’ 
v e h ic le  t h a t  la u n c h e d  th e  in s p e c t io n  c r a f t  in  ro u g h ly  th e  c o rre c t d ir e c t io n .
2 . T h e  in s p e c t io n  c r a f t  le f t  f r o m  th e  ta r g e t ,  a n d  h as  th e re fo re  a lw a y s  b e e n  in  th e  
v ic in i t y  o f  th e  ta r g e t  ( fo r  e x a m p le , a n  in s p e c t io n  m is s io n ) . T h e  in s p e c tio n  c ra f t  
w i l l  h a v e  a c q u ire d  th e  t a r g e t  b y  its e lf ,  a n d  in i t ia te d  c lo s in g  m a n o e u v re s  its e lf .
I n  e i th e r  case, th e  d ir e c t io n  o f  th e  c lo s in g  m a n o e u v r e  is a s s u m e d  to  b e  u n k n o w n . I t  is 
a s s u m e d  t h a t  th e  ta r g e t  re m a in s  in  v ie w  lo n g  e n o u g h  to  o b ta in  s e v e ra l im a g e s  o f  th e  
t a r g e t ’s r e la t iv e  m o t io n .
T h e  in s p e c tio n  s a te l l i t e  s h o u ld  b e  a b le  to  see th e  e n t ire  ta r g e t ,  a n d  m u s t b e  a b le  to  
re c o g n is e  th e  ta r g e t  as a n  o b je c t  o f  in te re s t ,  d is c e rn ib le  f r o m  th e  b a c k g ro u n d  o f  space . 
T h is  p ro b le m  is c o m p lic a te d  w h e n  th e  ta r g e t  is  in  th e  E a r t h ’s e c lip s e  (a n d  th e re fo r e  
a lm o s t t o t a l ly  d a r k ) ,  o r  w h e n  th e  E a r t h  is d ir e c t ly  b e h in d  th e  ta r g e t  w i t h  re s p e c t to  th e  
in s p e c tio n  s a te l l i te .  I n  su ch  s itu a t io n s , s o m e  m e th o d  o f  d is t in g u is h in g  th e  t a r g e t  f ro m
5
Chapter 1. Introduction
th e  b a c k g ro u n d  m u s t  b e  d e v e lo p e d , a l th o u g h  th is  w o r k  assum es t h a t  th is  h as a lread y - 
b e e n  a c h ie v e d .
T h e  ta r g e t  w i l l  b e  in  a  s ta te  o f  m o t io n  w i t h  re s p e c t to  th e  in s p e c tio n  s a te l l i te ,  b o th  
r o t a t io n a l  a n d  t r a n s la t io n a l,  a n d  th is  m o t io n  m u s t b e  e s t im a te d . T h e  m a in  fo c u s  o f  
th is  w o r k  is to  f in d  th e  t a r g e t ’s r e la t iv e  m o t io n  f r o m  im a g in g  d a ta ,  a n d  to  p ro v id e  
e s tim a te s  o n  r e la t iv e  lo c a t io n  a n d  o r ie n ta t io n .  T h e  t r a n s la t io n a l  m o t io n  e s t im a t io n  
is c o n s tra in e d  b y  th e  fa c t  t h a t  b o t h  o b je c ts  a re  in  s im ila r  o rb its  a n d  a re  in  close  
p r o x im ity ,a n d  a re  th e re fo r e  b o th  s u b je c t  to  w e l l -k n o w n  r e la t iv e  o r b i t a l  d y n a m ic s . T h u s ,  
m o t io n  e s t im a t io n  w i l l  b e  re d u c e d  to  a  ta s k  o f  p a r a m e te r  e s t im a t io n  o f  a  k n o w n  m o d e l.
T o  a id  fu r th e r  w i t h  th e  im a g e  in t e r p r e t a t io n ,  i t  is a s s u m e d  t h a t  th e  t a r g e t ’s s tr u c tu r e  
is k n o w n  b e fo re h a n d . T h is  k n o w le d g e  o f  th e  t a r g e t  s tr u c tu r e  is re d u c e d  to  a  l in e  m o d e l  
o f  th e  p r in c ip a l  fe a tu re s , w i t h  th e  o r ig in  a t  th e  c e n tre  o f  m ass.
T h is  w o rk  d ea ls  w i t h  th e  im a g e  p ro c e s s in g  n e e d e d  to  c a lc u la te  th e  r e la t iv e  m o t io n  o f  
th e  ta r g e t .  T h e  p ro b le m s  o f  p h y s ic a lly  a t ta c h in g  to  a  d o c k in g  p o r t ,  as w e ll  as th e  
c o n tro l a lg o r ith m s  re q u ir e d  to  c a r r y  o u t  m a n o e u v re s , a re  im p o r t a n t  a s p ec ts  o f  d o c k in g  
b u t  a re  n o t  c o v e red  in  th is  w o rk .
1 . 3  S t r u c t u r e  O f  T h e s i s
T h e  m a jo r i t y  o f  th is  th e s is  is c o n c e rn e d  w i t h  th e  e s t im a t io n  o f  pose a n d  lo c a t io n  o f  
th e  ta r g e t ,  g iv e n  a  s u ita b le  im a g e  o f  th e  ta r g e t  u s in g  a  c a m e ra  w i t h  k n o w n  c a l ib r a t io n  
p a ra m e te rs . T h e  fo l lo w in g  c h a p te rs  d e s c r ib e  th e  s y s te m  t h a t  h as  b e e n  d e v e lo p e d  in  
o rd e r  to  a c c o m p lis h  th is  e s t im a t io n  ta s k , as w e l l  as a n  a n a ly s is  o f  th e  re s u lts  a n d  a  
d is c u s s io n  o f  t h e i r  co n sequ ences . T h e  s t r u c tu r e  o f  th is  th e s is  is re f le c te d  in  th e  p a p e rs  
[11] a n d  [10 ].
G iv e n  a n  im a g e  o f  th e  ta r g e t  w i t h  u n k n o w n  p ose  a n d  p o s it io n , th e  f irs t  a c t io n  is to  
e x tr a c t  th e  d o m in a n t  lin e s . H e u r is t ic s  a re  u se d  to  s o r t  th e s e  lin e s  in to  sp e c ific  c a te g o r­
ies, w h ic h  e s t im a te  w h a t  p a r t  o f  th e  ta r g e t  g e n e ra te d  e ach  lin e . T h e s e  c a te g o rie s  a re  
th e n  u sed  to  m a k e  c o rre s p o n d e n c e s  b e tw e e n  th e  lin e s  d e te c te d  in  th e  im a g e  a n d  th e  
lin e s  t h a t  m a k e  u p  th e  p re -d e f in e d  ta r g e t  l in e  m o d e l. A n  a c c u ra te  l is t  o f  l in e - to - l in e  
c o rre s p o n d e n c e s  w i l l  a l lo w  th e  p ose  a n d  lo c a t io n  o f  th e  ta r g e t  to  b e  e s t im a te d , a s s u m ­
in g  th e  in t r in s ic  c a m e ra  c a l ib r a t io n  p a r a m e te rs  a re  a v a ila b le . H o w e v e r , th e  g e n e ra te d
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l is t  o f  c o rre s p o n d e n c e s  w i l l  in c lu d e  c o n t r a d ic t in g  as w e ll as e rro n e o u s  c o rre s p o n d e n c e s , 
a n d  th e s e  m u s t  b e  re m o v e d . S m a ll  s u b s e c tio n s  o f  th e  l is t  a re  chosen  a t  r a n d o m , a n d  
th e s e  c o rre s p o n d e n c e s  a re  u sed  to  g e n e ra te  a n  e s t im a te  fo r  th e  p ose a n d  lo c a t io n  o f  
th e  ta r g e t ,  w i t h  re s p e c t to  th e  c a m e ra . F o r  e a c h  e s t im a te , th e  m o d e l o f  th e  ta r g e t  is 
p ro je c te d  b a c k  o n to  th e  im a g e , a n d  c o m p a r e d  w i t h  th e  im a g e  lin e s . D e p e n d in g  o n  h o w  
c lo s e ly  th e  p r o je c te d  m o d e l m a tc h e s  th e  im a g e  lin e s , a  v a lu e  o f  m a tc h  q u a l i ty  is g iv e n  
f r o m  0 (a  t e r r ib le  m a tc h )  to  1 ( a  p e r fe c t  m a tc h ) .  T h is  p ro cess  o f  c h o o s in g  a  s m a ll  
r a n d o m  s e le c tio n  o f  th e  c o rre s p o n d e n c e  l is t ,  g e n e ra t in g  a  p ose  a n d  lo c a t io n  e s t im a te ,  
a n d  ju d g in g  th e  q u a l i ty  o f  l in e  m a tc h e s  is  r e p e a te d  a  n u m b e r  o f  t im e s . T h e  e s tim a te s  
w i t h  th e  h ig h e s t  q u a l i ty -o f -m a tc h  v a lu e  a re  k e p t ,  a n d  u sed  as th e  i n i t i a l  guesses fo r  
G a u s s -N e w to n  le a s t-s q u a re s  m in im is a t io n ,  in  a n  a t t e m p t  to  im p ro v e  th e  b e s t  e s t im ­
a te s . T h e  re s u lts  o f  th is  m in im is a t io n  a re  th e n  te s te d  fo r  q u a l i ty  o f  m a tc h  th e m s e lv e s , 
a n d  th e  o v e r a ll  b e s t  m a tc h  goes th r o u g h  to  re p re s e n t t h a t  im a g e  as th e  f in a l  p o se  a n d  
lo c a t io n  e s t im a te .  See F ig u r e  1 .1  fo r  a  d ia g r a m m a t ic  s u m m a r y  o f  P o s e  E s t im a t io n ,  a n d  
th e  a re a s  t h a t  e a c h  c h a p te r  w i l l  cover.
T h e re fo r e ,  g iv e n  th e  r ig h t  c o n d it io n s , i t  is  p o s s ib le  to  e s t im a te  b o th  th e  p ose  a n d  
lo c a t io n  o f  th e  ta r g e t  f ro m  a  s in g le  im a g e . I f  a  sequ ence  o f  im a g e s  is a v a ila b le , th e n  
b o th  th e  t r a n s la t io n a l  a n d  r o t a t io n a l  m o t io n  o f  th e  ta r g e t  re la t iv e  to  th e  c a m e ra  c a n  
b e  e s t im a te d . I f  a s s u m p tio n s  a re  m a d e  a b o u t  th e  m a x im u m  a c c e le ra tio n s  o f  th e  ta r g e t ,  
th e  re s u lts  c a n  b e  f i l t e r e d  a n d  s m o o th e d  a t  th e  s a m e  t im e ,  in  o rd e r  to  im p ro v e  th e  
m o t io n  e s tim a te s . H e n c e , th e  r e la t iv e  m o t io n  o f  th e  ta r g e t  w i l l  b e  e x tr a c te d  u s in g  
p as s iv e  im a g e r y  a lo n e .
C h a p te r  7  d e s c rib e s  h o w  th is  w o r k  o n  p o s e  e s t im a t io n  f ro m  a  s in g le  im a g e  is e x te n d e d  
to  th e  e s t im a t io n  o f  th e  t a r g e t ’s r e la t iv e  o r b i t a l  m o t io n , in c lu d in g  th e  m o d e ls  u sed  
a n d  p a r a m e te rs  e s t im a te d . C h a p te r  7  a ls o  d e m o n s tra te s  th e  s y s te m  in  a c t io n  u s in g  
s y n th e t ic  d a ta ,  a n d  g ives  a  r e p o r t  o n  th e  e ffe c tiv e n es s  o f  th e  w o rk . T h e  f in a l  c h a p te r  
gives  c o n c lu s io n s , a n d  d es c rib e s  p o s s ib le  fo l lo w -u p  w o r k  t h a t  le a d s  o n  f r o m  th is  th e s is .
1 . 4  N o v e l t y
•  T h is  T h e s is  d e s c rib e s  a  n o v e l m e th o d  o f  e s t im a t in g  th e  p ose  a n d  lo c a t io n  o f  a  
k n o w n  ta r g e t  s a te l l i te  u s in g  a  s in g le  im a g e  fra m e .
•  G iv e n  a  seq u en ce  o f  im a g e s  o f  th e  t a r g e t ,  th is  th e s is  u tilis e s  th e  p ose  e s t im a t io n
7
Chapter 1. Introduction
New Image
Chapter
3
Chapter
4
Chapter
5
Chapter
6
(1): Line Detection
Set of Lines
V
(2): Heuristics
Line-to-Line Correspondence
(3) Choose Subset of 
Correspondences <+
Subset of
Correspondence List
(4): Estimate Pose and 
Location Using Subset
V
(5): Test Estimates _£>/Repeat
Best Estimates
(6): Find Gauss-Newton 
Minimisation
\7
Final Pose and 
Location Estimate
F ig u r e  1 .1 : O v e r v ie w  S u m m a r y
sch em e d e s c r ib e d  to  e s t im a te  th e  r e la t iv e  o r b it a l  m o t io n  o f  th e  ta r g e t .  T h is  
re p re s e n ts  a  n o v e l m e th o d  o f  e s t im a t in g  th e  r e la t iv e  o r b it  p a r a m e te rs  u s in g  p as s iv e  
im a g e ry  a n d  k n o w le d g e  o f  th e  ta r g e t .
Chapter 2. Related Work
C h a p t e r  2
R e la t e d  W o rk
T h is  c h a p te r  re v ie w s  s o m e o f  th e  p e r t in e n t  w o r k  in  b o th  S a te l l i t e  a n d  T e r r e s t r ia l  M a ­
c h in e  V is io n  s y s te m s . T e r r e s t r ia l  p o s e  e s t im a t io n  is a  v e ry  d e ta i le d  s u b je c t  t h a t  span s  
m a n y  p a p e rs , w h i le  S a te l l i t e  p o se  e s t im a t io n  is a  r e la t iv e ly  n e w  s u b je c t  w i t h  a  s m a ll  
n u m b e r  o f  a s s o c ia te d  p a p e rs . H o w e v e r , th e  a s s u m p tio n s  m a d e  in  s a te l l i t e  pose e s t im ­
a t io n  c a n  d if fe r  s u b s ta n t ia l ly  f r o m  m a n y  o f  th e  e q u iv a le n t  t e r r e s t r ia l  w o rk s , m a k in g  
m a n y  o f  th e  re s u lts  u n u s a b le  in  th is  c o n te x t .
2 . 1  R e l a t e d  W o r k  i n  S a t e l l i t e  M a c h i n e  V i s i o n  S y s t e m s
T h e  a re a  o f  a u to n o m o u s  s a te l l i te  p o se  e s t im a t io n ,  re n d e z v o u s  a n d  d o c k in g  b a s e d  o n  
v is io n  is a  r e la t iv e ly  n e w  f ie ld , a n d  as s u c h  th e r e  a re  n o t  m a n y  p u b lis h e d  p a p e rs . F o r  
eac h  o f  th e  fo llo w in g  e x a m p le s , a  d is t in c t io n  is m a d e  b e tw e e n  th e  re s u lts  o f  th e  g iv e n  
p a p e r  a n d  th e  w o r k  c o n ta in e d  in  th is  th e s is .
I n  o rd e r  to  d o c k  w i t h  a  ta r g e t  s a te l l i te ,  th e  p o s it io n  a n d  o r ie n ta t io n ,  o r p ose , o f  th e  
ta r g e t  m u s t  b e  k n o w n , as w e ll  as t h e i r  ra te s  o f  c h a n g e  [25 ]. A u to n o m o u s  pose e s t im a t io n  
o f  a  s a te l l i te  u s in g  v is io n  is a  s u b je c t  t h a t  h as  re c e iv e d  som e a t te n t io n  in  re s e a rc h . 
H o w e v e r , th is  o fte n  re q u ire s  s o m e fo r m  o f  o p t ic a l  m a r k e r  o r  s t r u c tu r e  o n  th e  s a te l l i te ,  
eg. [25 , 3 8 , 5 0 ], in  o rd e r  to  c a lc u la te  th e  o r ie n ta t io n  a n d  p o s it io n , a n d  is th e re fo re  o n ly  
v a l id  fo r  th e  la s t  p h a s e  o f  d o c k in g , w h e n  th e  d o c k in g  p o r t  is in  s ig h t, a n d  th e  tw o  
s a te ll ite s  a re  a lre a d y  v e ry  close. I f  th is  m a r k e r  is n o t  in  v ie w  fo r  w h a t  e v e r  re a s o n  
( fo r  e x a m p le , th e  ta r g e t  is n o t  fa c in g  th e  c o rre c t  d ir e c t io n , th e re  is d a m a g e  to  th e  
t a r g e t ,  th e  ta r g e t  is to o  fa r  a w a y  to  a c c u r a te ly  v ie w  th e  m a r k e r ,  e tc . ) ,  th e n  th e  p ose
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c a n n o t  b e  c a lc u la te d . I n  th e  w o r k  p re s e n te d  in  th is  th es is  re g a rd in g  p ose  e s t im a t io n  
o f  a  t a r g e t  u s in g  v is io n , th e  o p t ic a l  m a r k e r  is s u b s t i tu te d  fo r  g e n e ra l k n o w le d g e  o f  th e  
t a r g e t ’s s t r u c tu r e . U s in g  th is  k n o w le d g e , n o  s p e c ia l m a r k e r  is re q u ir e d , w h ic h  a llo w s  
th e  s y s te m  to  b e  ro b u s t  to  lo w  leve ls  o f  d a m a g e  to  th e  ta r g e t .  A s  th e  e n t ir e  t a r g e t  is 
u s e d , a  g re a te r  d is ta n c e  c a n  b e  to le r a te d  g iv e n  s im ila r  c a m e ra  o p t ic a l  c h a ra c te r is t ic s  as 
p re v io u s  m e th o d s .
E a r l ie r  w o r k  o n  s a te l l i t e  re n d e z v o u s  u s in g  v is io n  [14 , 69] is s im ila r  in  p r in c ip le  to  th e  
re s e a rc h  o u t l in e d  in  th is  w o rk , w h e re  a  g e o m e tr ic  m o d e l o f  a  k n o w n  ta r g e t  is u sed  to  f in d  
th e  r e la t iv e  lo c a t io n  o f  th e  in s p e c to r . A  2 D  a i r  ta b le  is u sed  to  d e m o n s tr a te  th e  s y s te m , 
w i t h  a  s ta t io n a r y  ta r g e t  a n d  a n  in s p e c to r  t h a t  m o v e s  u s in g  a ir  je ts .  H o w e v e r , in  [14 , 6 9 ], 
t h e  a u th o rs  a re  m o re  c o n c e rn e d  w i t h  th e  d y n a m ic s  a n d  c o n tro l,  a n d  h a v e  s im p lif ie d  th e  
t a r g e t  to  p la in  c y l in d r ic a l  p r is m s  w i t h  n o  s u rfa c e  fe a tu re s . T h e  ta r g e t  is a lw a y s  v e r t ic a l,  
so t h a t  a l l  p la n e s  a re  e ith e r  p a r a l le l  o r  p e r p e n d ic u la r  to  th e  ta b le .  T h e s e  c o n d it io n s  
g r e a t ly  re d u c e  th e  c o m p le x ity  o f  fe a tu r e  e x t r a c t io n  a n d  ta r g e t  lo c a t io n , a lth o u g h  such  
c o n d it io n s  d o  n o t  a c c u r a te ly  re f le c t  a  r e a l -w o r ld  s i tu a t io n .  T h e  w o r k  p re s e n te d  in  th is  
th e s is  re la x e s  th e s e  a s s u m p tio n s  o f  a  s im p lis t ic  t a r g e t  a p p e a ra n c e  a n d  p o s it io n , a n d  
in t ro d u c e s  v a r ia b le  th r e e -d im e n s io n a l p o s e  a n d  a  m o re  c o m p lic a te d  t a r g e t  a p p e a ra n c e  
b a s e d  o n  a  c u r re n t  s a te l l i te .  A s  th e  w o r k  is c a r r ie d  o u t  in  s im u la t io n ,  m o t io n  in  th re e  
d im e n s io n s  c a n  b e  u s e d  in  te s t in g , as c a n  th e  r e la t iv e  m o t io n  o f  tw o  s a te ll ite s  in  s im ila r  
o rb its .  H e n c e  th e  p e rc e iv e d  m o t io n  is n o t  r e s t r ic te d  to  a  f la t  p la n e , w h ic h  l im it s  th e  
t r a n s la t io n a l  a n d  r o t a t io n a l  d eg rees  o f  f re e d o m  to  tw o  a n d  o n e  re s p e c t iv e ly .
T r a c k in g  a  s a te l l i te  u s in g  a  k n o w n  3 D  m o d e l  o f  th e  ta r g e t ,  fo r  e x a m p le  [2 0 , 2 1 ], is a n  
a r e a  o f  re s e a rc h  t h a t  b o rd e rs  o n  th is  w o rk . I f  th e  t ra c k in g  b e g in s  w i t h  a  g o o d  e s t im a te  
o f  th e  in i t i a l  p o se  a n d  v e lo c it ie s  o f  th e  t a r g e t ,  th e n  th e  s y s te m  sho w s  h ig h -a c c u ra c y  
t r a c k in g  w i t h  a  fa s t  f r a m e  u p d a te .  I n  th is  p a r t ic u la r  e x a m p le , th e  p re v io u s  f r a m e ’s 
p o s e  a n d  v e lo c it ie s  a re  u se d  to  p r e d ic t  w h e r e  th e  ta r g e t  w i l l  b e  in  th e  n e w  fra m e . T h e  
m o d e l o f  th e  ta r g e t  is p ro je c te d  o n to  th e  n e w  f ra m e  u s in g  k n o w n  c a m e r a  c a l ib r a t io n  
p a r a m e te r s .  E d g e s  a re  e x tr a c te d  f r o m  th e  n e w  f ra m e  n e a r  th e  p o s it io n s  o f  th e  p re d ic te d  
m o d e l lin e s , a n d  th o s e  edges t h a t  a g re e  w i t h  th e  p re d ic te d  lin e s  a re  u sed  to  u p d a te  th e  
p r e d ic t io n  fo r  th e  c u r re n t  f ra m e . T h is  fo r m  o f  t r a c k in g  re q u ire s  a  h ig h  f ra m e  r a te ,  
a n d  h a r d w a r e  im p le m e n ta t io n s  h e lp  th e  a u th o r s  a c h ie v e  th is .  H o w e v e r , th is  t r a c k in g  
m e th o d  re q u ire s  a n  in i t i a l  a c q u is it io n  o f  th e  ta r g e t ,  in  th is  case b y  a  h u m a n  o p e ra to r ,  
w h ic h  s u p p lie s  g o o d  in i t i a l  e s tim a te s  o f  t a r g e t  p o se  a n d  v e lo c it ie s . T h e  w o r k  p re s e n te d
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in  th is  th e s is  e s tim a te s  th e  ta r g e t  p o s e  a n d  lo c a t io n  in  a  s in g le  f ra m e , w i th o u t  h u m a n  
in te r v e n t io n ,  a n d  w i th o u t  r e q u ir in g  a n y  p r io r  e s t im a te  o f  p ose. G iv e n  a  series  o f  f ra m e s ,  
th e  e s t im a te s  fo r  p ose  a n d  lo c a t io n  o v e r t im e  s h o u ld  re s u lt  in  a n  e s t im a te  o f  th e  t a r g e t ’s 
t r a n s la t io n a l  a n d  r o t a t io n a l  v e lo c it ie s . T h e s e  e s tim a te s  c o u ld  th e n  b e  u se d  to  in i t ia te  
t h e  a b o v e  t ra c k in g  s y s te m  to  m a in ta in  a  lo c k  o n  th e  ta r g e t .
T h e  w o r k  in  [7 4 , 15] d es c rib e s  a  m o d e l-b a s e d  im a g e  a n a ly s is  s y s te m  t h a t  e s tim a te s  
th e  o r ie n ta t io n  o f  s a te ll ite s  a n d  t h e i r  s u b -c o m p o n e n ts , b a s e d  o n  im a g e s  ta k e n  f r o m  th e  
g ro u n d . E f fo r t  is m a d e  to  o v e rc o m e  th e  d is to r t io n s  d u e  to  a tm o s p h e r ic  tu r b u le n c e . T h e  
m o d e l d a ta b a s e  is c o n s tru c te d  f r o m  e ig e n im a g e s  o f  th e  t a r g e t ,  a n d  c a n  p o t e n t ia l ly  b e  
q u ite  la rg e . R e c ta n g le s  a re  u se d  to  re p re s e n t th e  d if fe re n t  s a te l l i t e  c o m p o n e n ts . T h e  
e r r o r  in  e s t im a t in g  th e  o r ie n ta t io n  is o n  th e  o rd e r  o f  5 ° - 1 0 ° .  A l t h o u g h  v e ry  d is s im ila r  
f r o m  th e  w o r k  p re s e n te d  in  th is  th e s is , th e s e  p a p e rs  a re  o f  in te re s t  as th e y  m u s t d e a l 
w i t h  m a n y  o f  th e  s a m e  p ro b le m s .
T h e  c o m m e r c ia l  w o r k  d e s c r ib e d  in  [3] in i t i a l ly  a p p e a rs  to  b e a r  th e  c losest re s e m b la n c e  
to  th is  w o r k . A  s o ftw a re  to o l  t h a t  s im u la te s  th e  m a n o e u v r in g  o f  a  s e rv ic in g /in s p e c t io n  
v e h ic le  is p ro p o s e d . T h e  r e p o r t  d e a ls  w i t h  m a n y  o f  th e  te c h n ic a l issues in v o lv e d , a n d  
d iscusses u n -m o d e lle d  e ffec ts  s u c h  as c a m e r a  g la re . P o se  e s tim a te s  a re  fo u n d  b y  m a tc h ­
in g  d e te c te d  s u rfa c e  p a tc h e s  w i t h  ta r g e t  m o d e l in fo r m a t io n .
H o w e v e r ,  th e  s y s te m  assum es o r th o g r a p h ic  p r o je c t io n ,  w h ic h  is v a l id  a t  a  d is ta n c e  b u t  
b e c o m e s  u n u s a b le  a t  close ra n g e . A  w a r p in g  te c h n iq u e  is d e s c r ib e d  to  t r y  to  o v e rc o m e  
th is  p ro b le m , b u t  th is  s t i l l  re s u lts  in  a  m in im u m  u s a b le  d is ta n c e . T h is  d is ta n c e  is 
s im i la r  to  th e  m a x im u m  d is ta n c e  o f  th e  w o r k  p ro p o s e d  in  th is  th e s is , in d ic a t in g  t h a t  
i f  b o t h  s y s te m s  w e re  to  b e  u se d  in  p a r a l le l ,  o ne  s y s te m  c o u ld  ta k e  c o n tro l w h e n  th e  
o th e r  s ta r ts  to  f a i l  as ra n g e s  c h a n g e . A ls o , th e  s im u la te d  ta r g e t  o f  [3] d oes n o t  a p p e a r  
to  h a v e  c o m p lic a te d  s u rfa c e  d e ta i l ,  w h ic h  s im p lif ie s  th e  im a g e s  p ro c e s s in g  b u t  does n o t  
n e c e s s a rily  re f le c t  th e  t r u e  t a r g e t  im a g e .
2 . 1 . 1  O t h e r  C e n t r e s
T h e r e  a re  o th e r  c e n tre s  t h a t  d e a l w i t h  th e  c o m b in e d  space s y s te m s  a n d  in te l l ig e n t  ro ­
b o t ic s  re q u ir e d  in  a u to n o m o u s  d o c k in g  a n d  in s p e c tio n . S ta n fo rd  U n iv e r s i t y ’s A e ro s p a c e  
R o b o tic s  L a b o r a to r y  [58] a re  c o n c e rn e d  w i t h  F re e -F ly in g  ro b o ts , w h ic h  a re  te s te d  o n  
a  g r a n ite  a i r  b e d  in  2 D . T h e  ro b o ts  a re  s u s p e n d e d  a b o v e  th e  ta b le  b y  a  c u s h io n  o f
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a ir ,  e f fe c t iv e ly  r e p l ic a t in g  a  d ra g - f re e  e n v ir o n m e n t ,  w i t h  c o ld -g a s  th r u s te r s  fo r  p r o p u l­
s io n . T h e y  h a v e  d e m o n s tr a te d  a u to n o m o u s  d o c k in g  w i t h  a n o th e r  d ra g - f re e  o b je c t  o n  
th e  a i r - t a b le ,  u s in g  v is io n . H o w e v e r , b o t h  th e  o b je c t  a n d  th e  r o b o t  h a d  o p t ic a l  m a r k ­
ers  ( L E D ’s) o n  to p  o f  e a c h , w i t h  a  c a m e ra  m o u n te d  a b o v e  th e  ta b le  lo o k in g  d ir e c t ly  
d o w n  [76 ]. T h e  e x p e r im e n ts  w e re  m o re  c o n c e rn e d  w i th  th e  d y n a m ic s  a n d  c o n tro l,  a n d  
th e  v is io n  s y s te m  d id  n o t  s eem  to  b e  o f  g re a t  im p o r ta n c e . T h r e e -d im e n s io n a l  d o c k in g  
in  s p ace  w i l l  b e  a  m u c h  m o re  c o m p lic a te d  m a t t e r  w i t h  re g a rd s  to  v is io n  d u e  to  th e  
e x t r a  d e g re e  o f  f re e d o m  in  t r a n s la t io n  a n d  tw o  e x t r a  degrees o f  f re e d o m  in  r o t a t io n  (as  
th e  a i r - t a b le  o n ly  s u p p o rts  o n e  d e g re e  o f  r o t a t io n a l  f re e d o m , p e r p e n d ic u la r  to  th e  p la n e  
o f  th e  t a b le ) .  T h e  v ie w  p o in t  o f  th e  c a m e ra  w i l l  n o t  b e  k n o w n  u n lik e  th e  a b o v e  e x p e r ­
im e n t ,  a n d  w i l l  n o t  a lw a y s  b e  p e r p e n d ic u la r  to  th e  ta r g e t  ( in  th e  2 D  case, p e rs p e c t iv e  
d is to r t io n s  c o u ld  b e  ig n o r e d ) .  F in a l ly ,  o p t ic a l  m a rk e rs  m a y  n o t  a lw a y s  b e  p re s e n t. O p ­
t ic a l  m a rk e rs  te n d  to  m a k e  th e  v is io n  s y s te m  s im p le r ,  e s p e c ia lly  i f  e a c h  o p t ic a l  m a r k e r  
is k n o w n  a n d  c a n  b e  d is t in g u is h e d  f r o m  th e  o th e rs .
A n o t h e r  c e n tre  o f  in te re s t  is th e  M a r y la n d  U n iv e r s it y  S p ace  S y s te m s  L a b o r a to r y  [34 ], 
w i t h  a  N e u t r a l  B u o y a n c y  T a n k  to  e n a b le  f u l l  6 d e g re e s -o f-fre e d o m  m o v e m e n t (u n lik e ,  
fo r  e x a m p le , 2 D  a i r  ta b le s ) .  T h e y  h a v e  a p p a r e n t ly  d e m o n s tra te d  a u to n o m o u s  d o c k in g  
-  h o w e v e r, th e  sensors a re  s o n a r-b a s e d , w i t h  t r a n s m it te r s  p la c e d  a t  k n o w n  p o s it io n s  o n  
th e  w a lls  o f  th e  ta n k s , a n d  th e  d o c k in g  p o r t  is a lso  a t  a  k n o w n  p o s it io n  in  th e  ta n k .  
H e n c e , th is  s y s te m  e m u la te s  D i f fe r e n t ia l  G P S . L i t t l e  o r n o  in fo r m a t io n  re g a rd in g  use  
o f  v id e o  to  d e te rm in e  p o s it io n  o r  a t t i t u d e  w as  a v a ila b le . W o r k  h e re  c o n c e n tra te s  o n  
d y n a m ic s  a n d  c o n tro l,  as w e ll  as m a tc h in g  d ra g - f re e  space c o n d it io n s  w i t h  c o n d it io n s  
in  th e  ta n k .
2 . 2  R e l a t e d  W o r k  i n  T e r r e s t r i a l  M a c h i n e  V i s i o n
T h is  s e c tio n  g ives a n  in d ic a t io n  o f  th e  r e la te d  w o r k  in  th e  f ie ld  o f  p o se  e s t im a t io n  a n d  
o b je c t  re c o g n it io n  w i t h  re g a rd s  to  ro b o t ic s  a n d  m a c h in e  v is io n  w o r k . T h is  f ie ld  is v e ry  
d iv e rs e , w i t h  m a n y  d if fe re n t  m e th o d s  e m p lo y e d  to  so lve  p ro b le m s  w i t h  s l ig h t ly  v a ry in g  
i n i t i a l  c o n d it io n s , a n d  so th e  fo l lo w in g  is m e a n t  as a n  in t r o d u c t io n  to  th e  f ie ld  in  g e n e ra l. 
D u e  to  th e  la rg e  n u m b e r  o f  p o s s ib le  m e th o d s  to  choose f ro m , d e ta i le d  c o m p a r is o n s  o f  
m e th o d s  h a v e  n o t  b e e n  a t te m p te d .  In s te a d ,  som e  q u a l i ta t iv e  c o m p a r is o n s  a re  m a d e .
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2 . 2 . 1  W o r k  O n  C o r r e s p o n d e n c e
I n  d e a lin g  w i t h  th e  g e n e ra l p r o b le m  o f  m a tc h in g  a  3 D  m o d e l o f  a n  o b je c t  to  a  2 D  
im a g e  o f  th e  o b je c t ,  o n e  o f  th e  f ir s t  p ro b le m s  t h a t  m u s t b e  d e a lt  w i t h  is th e  c o rres ­
p o n d e n c e  b e tw e e n  fe a tu re s  d e te c te d  in  th e  im a g e  a n d  fe a tu re s  o n  th e  m o d e l. O n c e  th is  
c o rre s p o n d e n c e  has b e e n  m a d e , th e  p ro cess  o f  p ose  e s t im a t io n  c a n  b e g in .
C o rre s p o n d e n c e  is a  d if f ic u lt  p r o b le m  in  its  o w n  r ig h t .  M a n y  p a p e rs  o n  th e  s u b je c t  o f  
m o d e l- to -p o s e  e s t im a t io n  b e g in  w i t h  th e  a s s u m p tio n  t h a t  c o rre s p o n d e n c e  h as  a lre a d y  
b e e n  fo u n d (e g . [12 , 4 3 , 2 3 , 4 7 , 6 8 , 8 ] ) .  T h e s e  p a p e rs  n o t  o n ly  a s s u m e  c o rre s p o n d e n c e  is 
a v a ila b le ,  b u t  is a lso  a c c u ra te . I n  s o m e  o f  cases, fo r  e x a m p le  [43 ], th e  c o rre s p o n d e n c e  is 
s u p p lie d  m a n u a l ly  b y  th e  u s e r. T h e r e fo r e ,  h u m a n  p a t t e r n  re c o g n it io n  a n d  v is io n  s k ills  
a re  e m p lo y e d . O th e r  w o rk s  m e r e ly  a s s u m e  t h a t  som e o th e r  fu n c t io n  h as  p e r fo rm e d  th e  
c o rre s p o n d e n c e  ta s k .
O t h e r  p a p e rs  a ssu m e s o m e fo r m  o f  a id  in  e s t im a t in g  c o rre s p o n d e n c e . A n  i n i t i a l  e s t im ­
a te  o f  p ose  a llo w s  th e  m o d e l to  b e  p r o je c te d  b a c k  o n to  th e  im a g e , w h ic h  s h o u ld  re d u c e  
th e  p ro b le m  o f  f in d in g  c o r re s p o n d in g  im a g e  a n d  m o d e l lin e s . E x a m p le s  o f  th is  c a n  b e  
fo u n d  in  [49 , 3 2 , 5 , 68 ]. I n i t i a l  p o s e  e s tim a te s  a re  a lso  u se d  to  a id  th e  i t e r a t iv e  e r ro r  
m in im is a t io n  o f  p o se  e s t im a t io n ,  fo r  e x a m p le  [32]. H o w e v e r , a l th o u g h  n o t  e x p l ic i t ly  
s ta te d  to  th e  a u t h o r ’s k n o w le d g e , th e  to le ra n c e s  fo r  e rro rs  in  i n i t i a l  p o s e  w h e n  e s t im a t ­
in g  c o rre s p o n d e n c e  a re  m u c h  less t h a n  th e  to le ra n c e  w h e n  m in im is in g  th e  p ose  e s tim a te .  
W h e n  e s t im a t in g  th e  u n k n o w n  c o rre s p o n d e n c e  b e tw e e n  p ro je c te d  m o d e l lin e s  a n d  im ­
age  lin e s , a  s m a ll  r o t a t io n  c o u ld  b r in g  o th e r  m o d e l lin e s  in to  a  p o s it io n  t h a t  c o u ld  c re a te  
fa ls e  m a tc h e s , so t h a t  e v e n  s m a ll  e rro rs  in  in i t i a l  p ose w i l l  g r e a t ly  in c re a s e  th e  d if f ic u lty  
in  e s t im a t in g  c o rre s p o n d e n c e . H o w e v e r , i f  th e  c o rre s p o n d e n c e  is a lr e a d y  k n o w n , th e n  
d e s p ite  th e  fa c t  t h a t  th e  p r o je c t io n  fu n c t io n  is n o n - l in e a r ,  m in im is a t io n  h as  b e e n  s h o w n  
to  c o n v e rg e  w i t h  as m u c h  as a  9 0 °  i n i t i a l  e r r o r  [32 ]. E v e n  w i t h  la rg e  e rro rs  in  in i t i a l  
p o s e  e s tim a te s , i f  th e  c o rre s p o n d e n c e  is k n o w n , som e  m e a s u re  o f  th e  c u r re n t  e r r o r  c a n  
s t i l l  b e  fo u n d , w h e re a s  fo r  c o rre s p o n d e n c e  e s t im a t io n , fu r th e r  k n o w le d g e  is re q u ire d  in  
o rd e r  to  c o rre c t c o rre s p o n d e n c e s  f r o m  e v e n  s m a ll  in i t ia l  p o se  e rro rs .
A n o th e r  a l te r n a t iv e  is to  s e a rc h  fo r  a l l  (o r  a lm o s t a l l )  p o s s ib le  c o m b in a t io n s  o f  c o rre s ­
p o n d e n c e s , fo r  e x a m p le  th r o u g h  a n  In t e r p r e t a t io n  T re e  ( I T )  m e th o d .  E x a m p le s  u s in g  
I T  o r o th e r ,  p o s s ib ly  e x h a u s t iv e  searches  a re  R e fs . [19 , 2 2 , 2 , 7 2 , 6 7 , 13]. T h is  fo r m  
o f  s e a rc h  w i l l  o fte n  f in d  n u m e ro u s  p o s s ib le  m a tc h e s , a n d  w i l l  b e  a b le  to  d e r iv e  s e v e ra l
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e s tim a te s  fo r  p ose  a n d  b e  a b le  to  choose  th e  b e s t one. T a k e n  to  e x tre m e s , a l l  s o lu tio n s  
c a n  b e  fo u n d . H o w e v e r , th e re  is a  h e a v y  t im e  p e n a lty . W i t h o u t  c o n s tra in ts , th e re  
a re  N M  p o s s ib le  c o m b in a tio n s , w h e r e  N  is th e  n u m b e r  o f  im a g e  fe a tu re s  a n d  M  is th e  
n u m b e r  o f  m o d e l fe a tu re s  [2]. H e u r is t ic s  c a n  b e  u sed  to  re d u c e  th e  searches  b y  p r u n in g ,  
b u t  th e  n u m b e r  o f  te s ts  w i l l  s t i l l  b e  h ig h .
T h e  m o d e l o f  th e  o b je c t  in  th e  scene is u s u a l ly  a s s u m ed  k n o w n , a n d  c a n  th e re fo re  b e  
u t i l is e d  b e fo re  a n y  im a g e s  a re  p re s e n te d . S o m e  p a p e rs , eg. [64 , 7 3 ], ta k e  a  v a r ie ty  o f  
v ie w s  o f  th e  m o d e l a n d  c o m p u te  ta b le s  o f  fe a tu r e  s ta t is tic s . F o r  e x a m p le , th e  c o n n e c t iv ­
i t y  o f  re g io n s  o f  th e  m o d e l c o u ld  b e  ta b u la te d .  W h e n  n e w  im a g e s  a re  p re s e n te d  a n d  
re g io n s  a re  h y p o th e s is e d , s u c h  ta b le s  w i l l  g iv e  p o s s ib le  lo c a t io n s  o f  o th e r  re g io n s , fo r  
te s t in g  a n d  v e r if ic a t io n  p u rp o s e s . H e n c e  th e s e  ta b le s  o f  fe a tu r e  s ta t is t ic s  c a n  b e  u sed  
to  a id  in  fe a tu r e  c o rre s p o n d e n c e , a n d  s o m e tim e s  w i l l  b e  u se d  s o le ly  to  g a in  a  coarse  
i n i t i a l  e s t im a te  o f  p ose [73 ].
F u r th e r  m e th o d s  to  f in d  o r  a id  in  f in d in g  c o rre s p o n d e n c e  in c lu d e s  G a b o r  W a v e le ts  [70 ], 
p r io r  k n o w le d g e  o f  senso r s ta t is t ic s  [6 4 ], a s s u m in g  a n  a ff in e  c a m e ra  [7, 4 0 ] ,  a n d  a s s u m in g  
a l l  fe a tu re s  l ie  o n  a  p la n e  [40 ].
2 . 2 . 2  B r i e f  D e s c r i p t i o n  o f  S p e c i f i c  M e t h o d s
T h is  s e c tio n  h ig h lig h ts  s p e c ific  p a p e rs  o f  in te re s t  fo r  d is c u s s io n . T h e  s tre n g th s  a n d  
w eakn esses  o f  th e  m e th o d  d e s c r ib e d  a re  h ig h lig h te d , a n d  som e q u a l i ta t iv e  c o m p a ris o n s  
a re  m a d e .
L o w e  [32] d e m o n s tra te s  a  m e th o d  o f  in te re s t  t h a t  w o rk s  o n  c o m p le x  m o d e ls , c re a te d  
in  s im i la r  w a y s  to  th e  m o d e ls  in  c o m p u te r  g ra p h ic s  b y  a p p r o x im a t in g  c o m p lic a te d  
c u rv e s  w i t h  m a n y  s m a ll  s im p le  p o ly h e d r a l  e le m e n ts . T h e  s y s te m  h as  b e e n  d es ig n e d  to  
g e n e ra te  th e  o c c lu d in g  c o n to u rs  o f  th e  m o d e l  q u ic k ly  a n d  e ff ic ie n t ly , g iv e n  a  p a r t ic u la r  
p ose . G iv e n  a n  in i t i a l  p ose , th e  s y s te m  p ro je c ts  th e  m o d e l o n to  th e  e x tr a c te d  edges  
o f  th e  im a g e . C o rre s p o n d e n c e  is fo u n d  b y  m a tc h in g  im a g e  edges w i t h  th e  p ro je c te d  
edges o f  th e  m o d e l. A  le a s t-s q u a re s  m in im is a t io n  o f  th e  pose e r r o r  th e n  tak e s  p la c e . 
O t h e r  p a r a m e te rs  c a n  a lso  b e  m in im is e d  a t  th e  s a m e  t im e ,  a l lo w in g  d e fo rm a b le  m o d e ls  
to  b e  u se d , a lth o u g h  th e s e  p a r a m e te rs  m u s t  a lso  b e  in i t ia l is e d .  T h e  e x a m p le  g iv e n  
is a  h a n d -h e ld  s c re w -d r iv e r , w h e re  th e  a n g le  o f  th e  r o ta t in g  h a n d le  is fre e  p a r a m e te r .  
T h e  p o se  e s t im a t io n  o f  s im p le  o b je c ts  a p p a r e n t ly  ta k e s  less t h a n  1 s eco n d  to  p e r fo r m ,
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allowing real-time tracking. However, although the accomplishments of this work are 
impressive, it is still a form of tracking, which requires that the initial pose (and other 
free parameters) be supplied before-hand. Although a convergence of minimisation is 
described for large angle errors (ie. < 90°), this is after correspondence has been found. 
As with other tracking systems such as [20, 21], the inter-frame pose update is fast and 
accurate, but assumes initial pose.
Dhome et.al [13] does not assume correspondence or an initial pose, works with image 
line rather than point features, and assumes perspective projection. This paper makes 
use of the interpretation plane, which is the plane described by the camera focal point 
and the two end-points of the 3D line (This will be described in greater detail in the 
next chapter). Up to this point, the assumptions are similar to those described in this 
thesis for pose estimation. However, the method described in this paper carries out an 
exhaustive search for correspondences, to find the correct matches. For a given correct 
correspondence of three lines, this paper gives an algorithm for solving the pose based 
on an 8th degree polynomial, which can lead to eight separate solutions for pose. This 
highlights the pitfalls of least-squares minimisation, which can become trapped in a 
non-unique pose estimate that could be wildly inaccurate. Some estimated orientations 
lead to impossibilities - for example, a pose where the edges that generated the image 
line cannot be seen, occluded by the rest of the object. Other poses can be immediately 
discounted if the location converges to a point behind the camera. However, there can 
be further pose estimates that cannot be immediately removed. This paper remarks 
that non-unique solutions occur for 4 and 5 line matches as well. Hence, some steps 
need to be taken when estimating the pose during least-squares minimisation of the 
error, for example starting from a variety of initial estimates, or possibly from a variety 
of different correct correspondence matches.
2 . 2 . 3  O t h e r  F i e l d s  o f  I n t e r e s t
There are other fields of research that border this work, which can often present useful 
comparisons. For example, the problem of finding the correspondence between two 
images (eg. [32]) or between two models (eg. [75]). The former represents a 2D-2D 
problem, while the later represents a 3D-3D problem. The problem of finding the pose 
between a model and an image of the model is a 3D-2D problem. Correspondence 
between two images encompasses the problem of tracking a 3D moving object, (eg. [20,
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2 1 ] ) ,  w h e re  th e  p ose  is u p d a te d  r a t h e r  t h a n  re -c a lc u la te d  e a c h  f ra m e . T h is  re q u ire s  
e s t im a t in g  th e  c o rre s p o n d e n c e  b e tw e e n  fe a tu re s  in  th e  f irs t  im a g e  c o m p a re d  to  fe a tu re s  
in  th e  secon d  im a g e . T h e  p o se  u p d a te  c a n  th e re fo re  b e  c a lc u la te d , a n d  th e  p ose  fo u n d  
a s s u m in g  th e  in i t i a l  p ose  is k n o w n . T h e  p ro b le m  o f  3 D - 3 D  re p re s e n ts  tw o  sets o f  th r e e -  
d im e n s io n a l d a ta  b e in g  c o m p a r e d . T h e  3 D  d a t a  c o u ld  b e  fo u n d  f r o m  s te re o  im a g e s  [75 ], 
o r  b y  a c t iv e  sensors su ch  as la s e r -ra n g e  f in d e rs  [19] o r l ig h t - s t r ip e  d e te c to rs . T h is  n o n ­
t r i v i a l  p r o b le m  in d ic a te s  t h a t  th e  a d d i t io n  o f  a  f u r th e r  c a m e ra  o n -b o a r d  a n  in s p e c tio n  
s a te l l i te  m a y  g iv e  3 D  in f o r m a t io n  f r o m  s te re o , b u t  c a lc u la t in g  th e  p o se  o f  a  3 D  d a ta  
se t w i l l  in t r o d u c e  a  d if fe re n t  se t o f  d if f ic u lt ie s .
A p p e a r a n c e  M a t c h i n g , fo r  e x a m p le  [42 , 4 1 ,  3 9 ], is a  v e ry  d if fe r e n t  m e th o d  o f  p ose  es­
t im a t io n .  A  se t o f  im a g e s  o f  a n  o b je c t  is o b ta in e d  f ro m  a  v a r ie ty  o f  o r ie n ta t io n s  a n d  
i l lu m in a t io n  an g le s . E a c h  im a g e  is n o r m a lis e d  in  b r ig h tn e s s  a n d  s c a le , so t h a t  o n ly  th e  
i l lu m in a t io n  a n g le  a n d  o r ie n ta t io n  v a r ie s  b e tw e e n  im a g e s . T h e  p a r a m e t r ic  e ig e n s p a c e  
fo r  t h a t  set is c re a te d , w h ic h  is c o n s tru c te d  b y  c o m p u t in g  th e  m o s t  p ro m in e n t  e ig e n ­
v e c to rs  o f  th e  s e t, a n d  e a c h  im a g e  is p r o je c te d  to  e ig e n s p a c e  to  o b t a in  a  set o f  p o in ts .  
W h e n  a  n e w  im a g e  is ta k e n , i t  is  s e t to  th e  s a m e  scale  a n d  b r ig h tn e s s  as th e  n o rm a lis e d  
s e t, a n d  is p r o je c te d  to  e ig e n s p a c e  to  fo r m  a  p o in t .  T h e  p o se  a n d  i l lu m in a t io n  a n g le  
o f  th e  c losest p o in ts  c a n  th e n  b e  u s e d  to  e s t im a te  th e  p o s e  a n d  i l lu m in a t io n  a n g le  o f  
th e  n e w  im a g e . T h is  m e th o d  ta k e s  t im e  to  p r e p a r e  th e  in i t i a l  im a g e  se ts , b u t  n e w  im ­
ages a re  q u ic k  to  p ro cess . I t  re q u ir e s  n o  e x p l ic i t  m o d e l o f  th e  o b je c t (s ) ,  in s te a d  ta k in g  
in to  a c c o u n t th e  m a jo r i t y  o f  im a g e  in fo r m a t io n  a v a ila b le , u n lik e  m o s t o th e r  m e th o d s .  
H o w e v e r , th is  is a lso  a  d ra w b a c k , in  t h a t  a n y  c h a n g e  to  th e  o b je c t  ( in c lu d in g  o c c lu s io n )  
w i l l  p ro d u c e  e rro rs . T h e  m e th o d s  in  [4 2 , 4 1 , 39] s h o w  g o o d  o b je c t  re c o g n it io n , b u t  w i t h  
a  s in g le  o r ie n ta t io n  a n d  i l lu m in a t io n  a n g le . O b je c ts  w i t h  th r e e  d eg rees  o f  f re e d o m  in  
r o t a t io n  a n d  a n  e x t r a  2  d eg rees  o f  f re e d o m  in  i l lu m in a t io n  a n g le  m a y  g e n e ra te  u n w ie ld y  
e ig en sp aces .
S t r u c t u r e - f r o m - M o t i o n  is c a p a b le  o f  e x t r a c t in g  b o t h  th e  3 D  s t r u c tu r e  o f  th e  o b je c t(s )  
in  th e  scene, as w e ll  as th e  m o t io n  o f  th e  o b je c t  b e tw e e n  fra m e s . T h is  is a  d iv e rs e  
f ie ld ,  w i t h  a  la rg e  n u m b e r  o f  p u b lic a t io n s .  E x a m p le s  in c lu d e  [6 0 , 5 9 , 6 2 , 5 6 ]. R e f . [60] 
re p re s e n ts  o n e  o f  th e  o r ig in a l  w o rk s  in  S t r u c tu r e  f r o m  M o t io n ,  w h e re  i t  is s h o w n  t h a t  fo r  
4  p o in ts  in  th r e e  im a g e s  w i t h  k n o w n  c o rre s p o n d e n c e s  u n d e r  o r th o g r a p h ic  p ro je c t io n ,  
th e  s t r u c tu r e  a n d  m o t io n  o f  th e  p o in ts  c a n  b e  e x tr a c te d  ( w i t h in  c e r ta in  a m b ig u it ie s ) .  
O r th o g r a p h ic  p r o je c t io n  is a  s p e c if ic  fo r m  o f  a n  a ff in e  c a m e ra , a n d  is a n  a p p r o x im a t io n
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w h e re  th e  fo c a l le n g th  is a s s u m e d  to  b e  in f in i t e .  T h e re fo r e ,  a l l  p r o je c t io n  ra y s  a re  
p e r p e n d ic u la r  to  th e  im a g e  p la n e . See F ig u r e  2 .1  b e lo w .
Image
Plane
Projection
Rays
Points on 
® Object
F ig u r e  2 .1 : O r th o g r a p h ic  P r o je c t io n
R e f .  [59] a lso  assum es o r th o g r a p h ic  p ro je c t io n ,  a n d  w o rk s  in  a  b a tc h  m o d e  o ve r th e  
se q u en ce  o f  im a g e s  to  e x t r a c t  th e  m o t io n  a n d  s tr u c tu r e  f ro m  c o rre s p o n d in g  fe a tu r e  
p o in ts . I n  th is  w o r k , th e r e  is n o  a s s u m p tio n  o f  th e  ty p e  o f  m o t io n ,  w h ic h  c a n  b e  
a r b i t r a r y  b e tw e e n  fra m e s . O t h e r  w o rk s  a s s u m e  som e fo rm s  o f  m o t io n  m o d e ls  -  fo r  
e x a m p le , in  R e f .  [62] th e  t r a je c to r y  o f  th e  c e n tre  o f  th e  o b je c t  is a p p ro x im a te d  b y  a  
v e c to r  p o ly n o m ia l  as a  fu n c t io n  o f  t im e ,  a n d  m o d e ls  r o ta t io n  o f  th e  o b je c t  in  such  a  
w a y  as to  m o d e l p re c e s s io n . R e f .  [56] h as  n o  d y n a m ic  m o d e l fo r  m o t io n  -  in s te a d  uses 
a  s ta t is t ic a l  m e th o d  b a s e d  o n  a  f i r s t -o r d e r  r a n d o m  w a lk  in  IR 5 ( ie . 5 -d im e n s io n a l r e a l  
v e c to r  s p ace ) as a n  a id  to  m o t io n  e s t im a t io n .
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C h a p t e r  3
V is io n  M o d e llin g  a n d  Im a g e  
G e n e ra t io n
T h is  c h a p te r  in tro d u c e s  th e  b a c k g ro u n d  to  im a g e  g e n e ra t io n , a n d  sp e c ifies  th e  c o o rd in ­
a te  fra m e s  u sed  th r o u g h o u t  th is  w o rk . T h is  c h a p te r  a lso  d es c rib e s  th e  in i t i a l  s e tu p  o f  
th e  s im u la t io n  e n v ir o n m e n t ,  as w e ll  as th e  p ro c e s s in g  re q u ir e d  to  p ro d u c e  a  s u ita b le  
im a g e  a n d  e x t r a c t  th e  d o m in a n t  lin e s . See A p p e n d ix  C  fo r  in fo r m a t io n s  a b o u t  n o ta t io n  
u sed .
3 . 1  V i s i o n  M o d e l l i n g
T h is  s e c tio n  is in te n d e d  to  g iv e  a  b a c k g ro u n d  to  th e  c o o rd in a te  f ra m e s  u sed , a n d  d e ta i l  
th e  c a m e ra  p r o je c t io n  m o d e l.  T h e  e n d  re s u lt  o f  th is  s e c tio n  is th e  d e f in i t io n  o f  th e  
in t r in s ic  c a m e ra  p a r a m e te rs  u se d  d u r in g  im a g e  g e n e ra t io n .
3 . 1 . 1  R e f e r e n c e  C o o r d i n a t e  F r a m e
T h r o u g h o u t  th is  w o r k , th e re  a re  u s u a lly  o n ly  th r e e  re fe re n c e  fra m e s  o f  in te re s t  -  th e  
c a m e ra -c e n tre d  c o o rd in a te  f ra m e  ( th e  c a m e ra  is a s s u m e d  to  b e  r ig id ly  f ix e d  to  th e  
in s p e c t io n  s a te l l i te )  c e n tre d  o n  th e  c a m e r a ’s o p t ic a l  c e n tre  ( fo c a l p o in t ) ,  th e  W o r ld  
c o o rd in a te  f r a m e  c e n tre d  o n  th e  in s p e c t io n  s a te l l i t e ’s C o G  a n d  o r ie n te d  w i t h  re s p e c t  
to  th e  o r b it  p la n e , a n d  th e  t a r g e t -c e n tr e d  c o o rd in a te  f ra m e  c e n tre d  o n  th e  t a r g e t ’s 
C e n tr e  o f  G r a v i t y  ( C o G ) .  I n  a l l  cases, th e  c o o rd in a te s  a re  R ig h t -H a n d e d  - in  o th e r
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w o rd s , i f  x  is th e  h o r iz o n ta l  a x is  o n  a  p a g e , r ig h t  p o s it iv e , a n d  y  th e  v e r t ic a l  a x is ,  
u p  p o s it iv e , th e n  p o s it iv e  z com es o u t  o f  th e  p ag e  to w a rd s  th e  v ie w e r . A l l  c o o rd in a te  
fra m e s  a re  o r th o g o n a l w i t h  u n i ty - le n g th  v e c to rs  (w h o s e  u n its  a re  u s u a lly  m e tre s ) ,  a n d  
th e  c o o rd in a te  f ra m e s  h a v e  b e e n  cho sen  so t h a t  th e  y -a x is  p o in ts  ’u p ’ , th e  x -a x is  p o in ts  
o u t  ’in  f r o n t ’ , a n d  th e  z -a x is  p o in ts  to  th e  r ig h t .  F ig u r e  3 .1  s u m m a r is e s  th e  th r e e  
c o o rd in a te  fra m e s .
T h e  W o r ld  c o o r d in a te  f r a m e  is so n a m e d  to  le n d  im p o r ta n c e ,  r a t h e r  t h a n  s p e c ify  a n y  
r e la t io n  w i t h  th e  E a r t h .  I n  m a n y  te x ts  re g a rd in g  ro b o t ic s  v ie w in g  o b je c ts , th e  t h i r d  
c o o rd in a te  f ra m e  is re fe r r e d  to  as th e  W o r ld  f r a m e , as o p p o s e d  to  th e  c a m e ra  o r o b je c t  
f r a m e  o f  re fe re n c e . A l l  o th e r  c o o rd in a te  fra m e s  m u s t  b e  re fe re n c e d  to  th e  W o r ld  co ­
o r d in a te  f ra m e , w h ic h  in  th is  case is  f ix e d  to  th e  o r b it  o f  th e  in s p e c t io n  s a te l l i te ,  r a th e r  
t h a n  th e  s a te l l i te  i ts e lf .  T h e  + x  a x is  p o in ts  a lo n g  th e  in s p e c t io n  s a te l l i t e ’s o r b ita l  p a t h  
( th e  in -tra c lc  d ir e c t io n ) ,  w h i le  th e  + y  p o in ts  a w a y  f r o m  th e  c e n tre  o f  th e  E a r t h  ( th e  
r a d ia l  d ir e c t io n ) .  H e n c e , th e  c o o r d in a te  f r a m e  d ire c tio n s  a re  n o t  d e p e n d e n t  o n  th e  
o r ie n ta t io n  o f  th e  in s p e c t io n  s a te l l i te .
T h e  c a m e r a ’s c o o rd in a te  f ra m e  h as  n o  b e a r in g  011 th e  in s p e c to r ’s o r b it ,  o r  th e  in s p e c to r ’s 
C o G . In s te a d ,  th e  fo c a l p o in t  o f  th e  c a m e ra  is a s s u m e d  to  b e  th e  c e n tre  o f  th e  c a m e ra  
c o o rd in a te  f ra m e , th e  o p t ic a l  a x is  o f  th e  c a m e ra  is th e  d ir e c t io n  o f  th e  + x  a x is , a n d  
th e  im a g e  p la n e  v e r t ic a l  a n d  h o r iz o n ta l  a re  th e  + y  a n d  + z  d ir e c t io n s  re s p e c tiv e ly . In  
m o s t cases, th e  a im  w i l l  b e  to  f in d  th e  t r a n s fo r m a t io n  f r o m  th e  ta r g e t  c o o rd in a te  f ra m e  
to  th e  c a m e ra  c o o rd in a te  f r a m e . S o m e  k n o w le d g e  is a s s u m e d  r e g a rd in g  th e  in s p e c to r ’s 
a t t i t u d e  w i t h  re s p e c t  to  i t ’s o r b i t  (a n d  h e n c e  th e  W o r ld  c o o rd in a te  f ra m e )  a - p r i o r i .  
T h e r e fo r e ,  lo c a t in g  th e  ta r g e t  f r a m e  w i t h  re s p e c t  to  th e  c a m e r a  f r a m e  w i l l  lo c a te  th e  
ta r g e t  s a te l l i te  w i t h  re s p e c t  to  th e  W o r ld  f r a m e . T h e  t a r g e t ’s c o o rd in a te  f ra m e  is 
c e n tre d  o n  th e  t a r g e t ’s C o G , a n d  th e  a x is  a re  f ix e d  w i t h  re s p e c t  to  th e  r ig id  ta r g e t .
T h e  r ig id  t r a n s fo r m a t io n  b e tw e e n  th e  tw o  c o o rd in a te  fra m e s  is in  th e  fo r m  o f  a  r o ta t io n  
a n d  a  t ra n s la t io n .  F o r  e x a m p le :
Pc =  RtcPt +  let (3T)
W h e r e  p* is  a  p o in t  p in  3 D  space  in  th e  ta r g e t  c o o rd in a te  f ra m e , R t c  is a  3 x 3  o r th o n o r ­
m a l  r o ta t io n  m a t r ix  f r o m  ( t ) t a r g e t  to  ( c )a m e r a  c o o rd in a te s , t c* is a  3 x 1  t r a n s la t io n  
v e c to r  f ro m  c a m e ra  to  t a r g e t  c o o rd in a te  f ra m e  o r ig in s  in  c a m e r a  c o o rd in a te s , a n d  pc
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F ig u r e  3 .1 : C o o r d in a te  F ra m e s  o f  W o r ld ,  C a m e r a  a n d  T a r g e t
is th e  s a m e  p o in t  p  in  th e  c a m e r a  c o o rd in a te  f ra m e . T h e  t r a n s la t io n  c a n  o c c u r b e fo re  
r a t h e r  t h a n  a f te r  th e  r o t a t io n ,  i.e . p c =  R t c ( p t  —  t tc ) ,  a l th o u g h  n o te  t h a t  th e  t r a n s la ­
t io n  v e c to r  m u s t th e re fo r e  b e  e x p re ss e d  in  t a r g e t  c o o rd in a te s  ( f r o m  th e  d e f in it io n , t f C 
is f r o m  ta r g e t  to  c a m e r a  o r ig in ,  h en c e  th e  -v e  s ig n ).
I t  is th e  v a lu e s  o f  th e  r o t a t io n  m a t r ix  R f C  a n d  th e  t r a n s la t io n  v e c to r  t c* t h a t  a re  re q u ir e d .  
O n c e  th e s e  a re  k n o w n , t h e n  th e  r e la t io n s h ip  b e tw e e n  th e  tw o  c o o rd in a te s  s y s te m s  w i l l  
b e  k n o w n . A s  a l l  m o t io n  is a s s u m e d  to  b e  r ig id -b o c ly  m o t io n , k n o w le d g e  o f  c a m e r a - to -  
t a r g e t  c o o rd in a te  t r a n s fo r m a t io n  w i l l  a lso  g iv e  b o th  th e  r e la t iv e  p o se  a n d  lo c a t io n  o f  
th e  ta r g e t  w i t h  re s p e c t to  th e  c a m e ra .
3 . 1 . 2  C a m e r a  P r o j e c t i o n  M o d e l s
T h e  fo u r th  c o o rd in a te  s y s te m  is  th e  im a g e  p la n e . Im a g e  c o o rd in a te s  a re  tw o  d im e n ­
s io n a l, m e a s u re d  in  u n its  o f  p ix e ls , a n d  re p re s e n t a  m a p p in g  o f  th e  v is ib le  o b je c t  o r  
scene. I n  o rd e r  to  c o n v e rt  f r o m  im a g e  c o o rd in a te s  to  c a m e ra  c o o rd in a te s  (a n d  th e n  o n  
to  t a r g e t  c o o rd in a te s ) , a  p r o je c t io n  m o d e l is re q u ir e d .
A  p ro je c t io n  m o d e l ta k e s  th e  fo r m  o f  a  p r o je c t io n  m a t r ix .  T h e  g e n e ra l p r o je c t io n  
m a t r ix ,  P  — [P ij] , m a p s  a  th r e e -d im e n s io n a l E u c l id e a n  p o in t  x  to  a  tw o -d im e n s io n a l  
im a g e  p o in t  x,;, w h e re  b o t h  x  a n d  x.; a re  d e s c r ib e d  in  h o m o g e n e o u s  c o o rd in a te s  x  a n d  
iq  re s p e c tiv e ly . H o m o g e n e o u s  c o o rd in a te s  a d d  a n  e x t r a  d im e n s io n , w h ic h  scales th e  
o th e rs  - fo r  e x a m p le , th e  th r e e -d im e n s io n a l  v e c to r  x  =  [ x ) y , z ] T  w o u ld  b e  re p re s e n te d  
as:
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x'
iu w  w
iv
Here w  is the scaling factor. In  order to convert a length 4 vector (homogeneous 3D
point) to length 3 vector (homogeneous image point), a 3x4 homogeneous projection 
matrix is required [55, 4, 24] that defines the Projection Camera:
As P  is homogeneous, it is defined up to a scale factor A. There are no restrictions on 
the coordinate system of either x or Xj, apart from the fact that x  represents a point in 
3D space while Xj represents a 2D image point. More specific camera models all stem 
from this general form, with varying degrees of complexity. For example, the Affine 
Camera [55] sets p n  =  p \ 2 — P13 =  0, so that the position of the 3D point along the x- 
axis (optical axis) does not directly affect the projected image. This form of projection 
includes orthographic, weak perspective and paraperspective projections [55].
3 . 1 . 2 . 1  P e r s p e c t i v e  P r o j e c t i o n
The projection model used throughout this work is the more common perspective pro­
jection model, which models the simple pin-hole camera. In this case there are two 
coordinate frames of interest: the 3D camera coordinate frame [.r, y, z] and the 2D 
image frame [u,v] (see Figure 3.2 below).
For a point in 3D space q  — [re, y,z\, the projected point on the image plane is
The 3D coordinate point is scaled by the focal length, / ,  and the distance along the 
optical axis, x.  This mapping is performed using the (ideal) homogeneous perspective 
projection matrix:
P n  P12 Pi3 P14 
P  =  A p21 p 22 p23 p24
P 31 P32 P33 p34
(3.2)
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Figure 3.2: Perspective Projection
Xz
=  A
ft
___
i
0 0 1 0
0 1 0  0
L 7 0 0 0
per-q
X
y
z
- 1
(3.3)
(3.4)
The use of homogeneous coordinates enables the use of matrix notation, which would 
have been difficult otherwise due to the non-linear scaling of x.
Due to the scaling effects of x,  the absolute distance to the point q cannot be found 
from the image coordinates alone. An object that is twice as large and twice as far 
away would appear the same, therefore range can only be found as a ratio without 
further information.
Perspective projection also leads to perspective distortion [55, 24]. The cube in Figure
3.3 has parallel lines in world coordinates, but these lines are not necessarily parallel 
under perspective projection. There are other non-linear distortions in real images, 
such as radial distortions, but these are ignored in the basic perspective projection 
model.
The general projection matrix, and therefore the perspective projection matrix, can be 
broken down into intrinsic and extrinsic parameters [55, 4, 24]:
P  =  AK[R,  t] (3.5)
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F ig u r e  3 .3 : P e rs p e c t iv e  D is to r t io n
w h e re  th e  3 x 3  r o t a t io n  m a t r ix  R  a n d  th e  3 x 1  t r a n s la t io n  v e c to r  t  d e s c r ib e  th e  e x tr in s ic  
c a m e ra  p a r a m e te rs , a n d  th e  3 x 3  c a l ib r a t io n  m a t r ix  K  c o n ta in s  th e  in t r in s ic  p a r a m e te rs .  
T h e  c a l ib r a t io n  m a t r ix  u sed  th r o u g h o u t  th is  w o r k  is th e  s im p lif ie d  v e rs io n  in  E q n . (3 .6 ) :
I< — Vo ky 0
0 0
(3 .6 )
w h e re  k z  —  f s z  a n d  k y  — f s y  a re  th e  m a g n if ic a t io n s  in  t l ie  z  a n d  y  d ire c tio n s  re s p e c t­
iv e ly  (w h e re  f  is th e  fo c a l le n g th  a n d  ( s x , s y ) a re  th e  p ix e l  sizes [56]), a n d  (z o ,y o )  a re  
th e  ( u , v )  c o o rd in a te s  o f  th e  o r ig in  in  th e  im a g e  w i t h  re s p e c t to  th e  o p t ic a l  a x is . T h e s e  
a re  th e  b a s ic  in t r in s ic  c a m e r a  c a l ib r a t io n  p a r a m e te rs  -  m o re  c a n  b e  a d d e d , fo r  e x a m p le  
th e  s k e w in g  o f  th e  c o o rd in a te  a x is  [56], b u t  th e  K  m a t r ix  g iv e n  a b o v e  is a s s u m ed  to  b e  
th e  o n e  u sed  th r o u g h o u t  th e  th e s is .
H e n c e , i f  th e  p r in c ip a l  c o o rd in a te  p o in ts  a re  se t to  0 , a n d  th e  p ix e l  sizes a re  se t to  
u n ity ,  a n d  i f  R  is set to  a  3 x 3  id e n t i t y  m a t r ix  (n o  r o t a t io n )  a n d  t  is set to  a l l  ze ro s , 
th e n  E q n . ( 3 .5 )  b eco m es:
0 0 / 1 0 0 0 0 0 / 0 0 0 1 0
A 0 / 0 0 1 0 0 - A 0 / 0 0 = X' 0 1 0 0
1 0 0 0 0 1 0 1 0 0 0 1_ f 0 0 0
(w h e re  X '  —  / A ) ,  a n d  th e  re s u lt  is th e  id e a l P e rs p e c t iv e  P r o je c t io n  m a t r ix  in  E q n .  ( 3 .3 ) .
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3 . 1 . 2 . 2  S y n t h e t i c  C a m e r a  P a r a m e t e r s
I t  is a s s u m e d  th r o u g h o u t  th is  th e s is  t h a t  th e  c a m e ra  c a l ib r a t io n  m a t r ix  K  is k n o w n .  
A s  th e  im a g e s  w i l l  b e  p ro d u c e d  s y n th e t ic a lly ,  th e  v a lu e s  o f  th e  c a l ib r a t io n  p a r a m e te rs  
m u s t b e  chosen . T h e s e  v a lu e s  a re  s im ila r  to  th e  c o rre s p o n d in g  v a lu e s  o f  h a r d w a r e  f lo w n  
o n  S N A P - 1 .
T h e  fo c a l le n g th  w a s  a r b i t r a r i l y  set to  1. T h e  c a m e r a  v ie w in g  a n g le s  w e re  s p e c ifie d  as 
8 U  =  2 4  d eg rees  a n d  9 V  =  18 d eg rees , w h e re  9 U  a n d  $ v  a re  th e  v ie w in g  a n g les  in  th e  
u -a x is  a n d  v -a x is  d ire c t io n s  re s p e c t iv e ly . T h e  re s o lu t io n  o f  th e  im a g e s  w as  s p e c ifie d  a t  
I  c o l  =  2 0 0  p ix e ls  p e r  c o lu m n  a n d  l r o w  —  3 2 0  p ix e ls  p e r  ro w . I t  w as  chosen  to  use (u ,  v ) 
c o o rd in a te s  t h a t  m a tc h e d  th e  c o lu m n  a n d  ro w  n u m b e rs , w i t h  th e  to p  le f t  c o rn e r  o f  th e  
im a g e  se t to  ( 0 , 0 )  a n d  th e  b o t to m  r ig h t  c o rn e r  o f  th e  im a g e  se t to  ( 2 0 0 ,3 2 0 ) .  T h e re fo r e ,  
th e  s ig n  o f  th e  k y  p a r a m e te r  h a d  to  b e  n e g a t iv e , as th e  u -a x is  w as  in  th e  o p p o s ite  
d ir e c t io n  to  th e  c a m e r a ’s y -a x is .  F in a l ly ,  i t  is  a s s u m e d  t h a t  th e  o p t ic a l  a x is  passes  
th r o u g h  th e  m id d le  o f  th e  im a g e . U s in g  th is  in fo r m a t io n ,  th e  c a l ib r a t io n  p a r a m e te rs  
c a n  b e  fo u n d  as fo llo w s :
k  —  ___h a w ,  —  75?  7
hz ~  2/tan%.
k y  =  — 0 . | M tg r  =  “ 6 3 1 .4
2 / ta11 2 (3 .8 )
W  — leoZ  0 =
2/o =
See f ig u re  3 .4  b e lo w  fo r  a  d ia g r a m m a t ic  e x a m p le  fo r  c a lc u la t in g  k z .
l- f -  =  100
3 . 2  I m a g e  G e n e r a t i o n
W i t h  th e  s p e c if ic a t io n  o f  th e  s y n th e t ic  c a m e r a , th e  n e x t  s te p  is th e  g e n e ra t io n  o f  th e  
ta r g e t .  T h e  ta r g e t  w a s  chosen  to  b e  a  g e n e ric  U o S A T  m ic r o s a te l l i te ,  w h ic h  is a  b o x ­
s h a p e d  s a te l l i te  w i t h  e x t r u d in g  a n te n n a s  a n d  a  g r a v ity -g r a d ie n t  b o o m  fo r  s ta b il is a t io n .  
T h e  m ic r o s a te l l i te  w as  chosen  as th e  t a r g e t  d u e  to  th e  f a i r ly  s im p le  n a tu r e  o f  th e  g e n e ra l  
s h a p e , a n d  b e c a u s e  S u r r e y  S p a c e  C e n tr e  h as  la u n c h e d  m o re  m ic ro s a te ll ite s  th a n  a n y  
o th e r  ty p e .
T h e  d im e n s io n s  o f  th e  ta r g e t  a re  o n ly  a p p r o x im a te ly  c o rre c t , b a s e d  o n  m e a s u re m e n ts  
ta k e n  b y  h a n d  r a t h e r  th a n  e x a c t  C A D  m e a s u re m e n ts . T h e s e  m e a s u re m e n ts  w e re  s u p -
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Figure 3.4: Calculating Camera Calibration Parameter kz
plied to a free-ware script-driven image rendering software package known as POV-Ray 
(http://www.povray.com). The files that contain the pertinent information about the 
target, including target dimensions and location, can be modified by external software 
packages. In this case, the files are edited automatically by MATLAB version 5.3. 
Hence, any simulated motion of the target is controlled through MATLAB scripts, and 
the results are rendered in POV-Ray.
See Appendix A, Figures A.l and A.2, for example images of the target.
3 . 2 . 1  I m a g e  B l u r r i n g
It was found after several test runs that the images of the target were too perfect. 
Pixelation of the images was very evident, and edges were abrupt with no gradual 
change. An anti-aliasing feature in POV-Ray was of some use in reducing this problem, 
but a greater level of smoothing was required in post-processing.
In order to produce more true-to-life edges, a 2D convolution process was carried out 
with the image and a flat 3x3 pixel mask, effectively blurring the image due to the 
suppression of high frequencies in the Fourier Transform domain [57]. See Figure 3.5 
below.
On the left of Figure 3.5, the edges are unrealistic and pixelated. On the right, the 
pixels are less evident producing a more realistic image, although small details are more 
obscured.
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Figure 3.5: Raw P O V -R a y  vs. Blurred 
3 . 2 . 2  E d g e  D e t e c t i o n
Edge detection on raw P O V -R ay images is difficult without this blurring due to the 
abrupt discontinuous changes in pixel grey-level intensity. The edge detector used 
attempts to find the gradient of grey-level intensity change in a group of neighbouring 
pixels (a template-matching approach), as well as detect the corresponding gradient 
direction. Good edge detectors achieve three main goals [48]:
G o o d  S ig n a l-to -N o ise  R e q u ire m e n t : try to maximise the gradient magnitude 
signal-to-noise ratio
G o o d  L o c a lity  R e q u ire m e n t : insure that the peak gradient output of the detector 
lies as close as possible to the true location of the edge
Sup p ression of False M a x im a  : remove as many spurious maxima outputs as pos­
sible
In synthetic images, the edges are discontinuous, producing infinite gradients, which 
are problematic for edge detectors designed to process real images. Although a custom- 
made edge detector could be designed to detect infinite-gradient edges, the simulation 
would be more credible if more realistic images were generated instead.
The smoothing process reduces unrealistically high-frequency, near-discontinuous edges 
of the raw P O V -R a y  image to produce lower frequency, more gradual edges. However, 
the removal of the high-frequency content of the image also distorts small features, as 
can be seen in Figure 3.5.
The obscuring of small details is not a concern at this point. Line detection works with 
the large-scale edges of the image, and small-scale edges tend to be ignored anyway.
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As these small-scale features are not so important, this blurring convolution may be 
applied to real images of targets in the future. This will have the beneficial side effect 
of reducing image noise through the use of this averaging procedure [57].
3 . 2 . 3  L i n e  D e t e c t i o n
The line detector used was developed at Surrey, and is described in [46, 45]. It is based 
on a Hough Transform method of finding lines from edge pixels, using a 2D smooth 
voting kernel in both the orientation and distance parameters. This is shown to give 
sub-pixel accuracy in distance and orientation, avoiding interference from outliers and 
nearby lines. The nature of this line detector gives accurate values for the position 
and orientation of the line, although lines detected tend to stop short of junctions. 
Therefore, the position of the end points of the line cannot be depended upon to the 
same extent as the position and orientation values. The code that implements the line 
detector in [46, 45] was used with the given default parameters, and no modifications 
were made to the code.
The line detector is applied to the images after the blurring convolution has taken place. 
Examples of the target images and the resulting lines detected are given in Figure 3.6 
below.
In all three cases, the direction of the Sun is assumed to be from the left with respect to 
the camera, from a slightly elevated position. As can be seen, only the most prominent 
lines have been detected at this range. Small-scale lines, for example the individual 
solar cells that make up the block of solar cells on one face, are not detected.
The purpose of the next chapter is to take the lines detected in the target image, and 
identify where the line belongs on the target.
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C h a p t e r  4
I m a g e - t o - M o d e l  C o r r e s p o n d e n c e
This Chapter describes the approach used to identify and classify the detected image 
lines. The method described correlates the image lines to the corresponding lines of a 
known target model.
4.1 Target Model
The target model is a set of the most prominent lines on the target, scaled and posi­
tioned relative to each other in order to reflect their true position on the target. The 
origin of this set of lines is the target’s Centre of Gravity.
In order to judge which are the principal lines on the target, a variety of rotations and 
translations were applied to the target, and for each case a set of lines were extracted 
using the procedures laid out in the previous chapter. Those lines that were most 
frequently apparent were identified and chosen by visual inspection of the results. The 
positions of the chosen lines were derived from the original POV-Ray script that was 
used to generate the target, so that no positional discrepancies exist between the lines 
in the Model and the target features that give rise to these lines.
Figure 4.1 below shows the Line Model, with the camera view-point behind and to the 
left, slightly above looking down at the origin. The three extending dotted lines are 
the three axis of the target, with the + X  direction the in-traclc direction, and the +y 
direction the radial direction as specified in the previous chapter. The main features 
that have been chosen are the outlines of the four top and bottom antennas, the boom,
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and the outline of the solar cell blocks. Note that on the target, the solar cell blocks are 
made up of 6x14 individual solar cells that are closely packed together, and there are 
two blocks per face of the target. In most images, the spacing between the individual 
cells could not be easily distinguished, while the spacing between the blocks usually 
could be.
Top Antenna
+z
Occluded
Lines
Figure 4.1: Line Model
The dashed lines in the model are the occluded lines that would be automatically re­
moved, as they appear behind the target (they are only displayed here for demonstration 
purposes).
For the sake of simplification, there are small deliberate modelling errors. For example, 
the target boom is the long thin structure on top of the target, in the middle, used 
for gravity gradient stabilisation of microsatellites [26]. On the target, this structure 
is a cylinder, and therefore the position of the visible edge of the boom will depend on
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the orientation of the target with respect to the camera. This orientation is unknown, 
and therefore an approximation must be made. The boom is modelled as a flat plane, 
like the antennas next to it. In a worst-case scenario, the model could rotate so that 
both lines met, effectively producing a single line. However, the boom is quite thin, 
and the difference between the true edge and these lines are small enough to discount. 
Figure 4.2 shows a close-up view of the boom modelled as a plane.
Figure 4.2: Line Model - Modelling Errors
Figure 4.2 also demonstrates another modelling error when projecting the model onto 
an image. Hidden-line removal is carried out when lines are occluded by the main 
box structure, but not when they are occluded by the antennas. It was judged that 
this small discrepancy was small enough to ignore, and therefore, the antennas appear 
’transparent’.
4.1.1 Hidden Line Removal
The Hidden-line removal is achieved by storing the main-box plane normals and an­
chors, where an anchor is a vector from the model origin to some point on the plane. 
When the model is projected onto the image plane for a given rotation R  and trans­
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lation t, each main-box plane’s normal and anchor is rotated by R, and the anchors 
are translated by t. If the dot product of the normal and anchor vectors is negative, 
then the plane (and it’s corresponding edges) are in view, otherwise at least one edge 
is occluded. See the two-dimensional view of Figure 4.3 below.
Plane 
Not Visible 
a-n > 0
Plane 
Just Visible 
a-n = 0
Plane 
Visible 
a-n < 0
Anchor vector, a \ |
■A Optical 
Centre
Plane
Front
(visible) Back (not visible)
Plane Normal 
vector, n
Figure 4.3: Plane Normals used in Hidden Line Removal
Lines such as the antennas and boom are checked to see where they intersect the visible 
outside edges, and are cropped at this point. Those antennas that are wholly occluded 
are removed.
In addition to occluded lines, all those lines that are projected outside the visible 
image area are removed. Those lines that cross the image boundary are cropped at the 
boundary.
4.2 Development of Heuristics
The purpose of the Heuristics is to match lines detected in the image of the target with 
lines in the model. This correspondence between measured and model data will allow 
estimation of rotation and translation. A human, observing the raw image lines, can 
usually perform the matching required without difficulty, assuming some knowledge 
of the target. Therefore, although possibly quite difficult, it should be possible for a 
computer system to carry out the same task, although probably to a lesser degree.
The heuristics described here were generated to detect empirically observed patterns 
of image lines. Therefore, these heuristics are highly data-dependent. If the target 
were to be modified, the process of defining the heuristics would have to be repeated.
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At present, the process of creating these heuristics is far from automated, requiring a 
human to identify the relevant patterns, carry out tests, and develop the necessary code. 
Although the requirement for human help is a detriment in terms of time and effort, it 
is also has benefits. A human input to the process will add the robust pattern-matching 
talents that may be difficult to achieve in modern artificial intelligence.
Use of Heuristics greatly reduces the search-space of all possible image line-to-model 
line correspondences, but there is no guarantee that all good matches will be found.
A  lack of guarantee has possible implications regarding the operational context of such 
a system, for example if used in proximity to human crews in space. Assurances of 
system safety may be required in the event of heuristic (or other module) failure - 
possibly from extensive testing, orbital heritage or passive system safety.
The remaining sections of this chapter describes the author’s development of the heur­
istics currently used.
4.2.1 Simplifying Assumptions
In order to reduce the complexity of the initial heuristic development to a manageable 
level, three assumptions were made:
• The target will be close enough to the camera to be able to detect lines on 
the structure. For the given camera and target parameters, a rough maximum 
distance of 12m is imposed, beyond which too few lines are detected.
• The target’s main box structure will be fully in view, and no part of the target’s 
main box structure will be outside the field of view. Therefore, the boom and 
antennas of the target may be outside the field of view. This imposes a minimum 
distance, which is dependent on the pose. For this work, a rough minimum of 5m 
is used.
• The target’s vertical axis will not deviate from the camera’s vertical axis by 
more than 30 degrees (ie. the target appears roughly upright with respect to the 
camera).
The first item insures that some lines will be present, as this system will fail with no 
image lines. The second item and third items are meant to make the initial task more
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manageable. However, if the heuristics are successful with these conditions, then they 
can be expanded so as to relax the above assumptions. Expanding the bounds of these 
heuristics will require more time and effort, but should pose no more problem than 
the initial creation of these heuristics. These assumptions are in place to save time in 
development, rather than ignore a difficult problem.
The second assumption implies a minimum distance. More than one camera could be 
used, with different fields of view for different distances, in order to reduce the minimum 
distance. However, in the event of docking, the final required minimum distance will 
obviously be zero - therefore, at some stage a hand-over could occur to a final pose 
estimation system similar to [25, 38, 50]. By this time, the docking adaptor should be 
in view, any target rotations should be matched by the docking satellite, and the final 
docking motion can begin.
There is a further implied assumption made, that the camera parameters chosen in the 
previous chapter remain fixed throughout. The apparent lines are very dependent on 
the camera parameters - for example, if the resolution of the camera were to increase, 
more lines would be distinguishable at a greater distance. Hence, the chosen camera 
parameters influence the available range of translation values used throughout this 
work.
4.2.2 Grouping Parallel Lines
The structure of the target gives rise to sets of parallel lines, which are usually easy 
to segregate. This applies to many satellites, as they are often constructed in simple 
polyhedral shapes. These groups of parallel lines are the basis of the majority of 
heuristics used here.
These parallel lines are mostly parallel to the target axis (apart from the bottom an­
tennas). Grouping lines into parallel groups shed some information as to their location. 
Those lines parallel to the x-axis and z-axis are similar in nature, as the target is sym­
metrical about the y-axis. Both of these sets of lines are generally shorter than the lines 
parallel to the y-axis. The first test, once the lines have been grouped into parallel sets, 
is to find the longest line. The group with this longest line is initially assumed to be the 
y-axis parallel group, known from now on as the Group-1 set of lines. The x-axis and 
z-axis lines tend to be the horizontal edges of the solar cell blocks and the main-box
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faces, and so tend to be roughly stacked, while the y-axis lines do not. The x-axis or 
z-axis lines are referred to as Group-2 lines when compared against the Group-1 lines.
In order to measure how well the Group-2 lines are stacked, their relative end-point 
locations are examined. Although the line detector does not detect the end-points of 
lines accurately (the detected lines are usually shorter than the lines on the object), 
several similar lines tend to have the same errors in end-point location, and therefore 
the relative positions of these line end-points can be compared. However, due to the 
unknown rotations of the target and the perspective effects of the camera, the relative 
locations of image end-points do not bear a direct relationship to the relative locations 
of the corresponding line end-points on the model. For example, in Figure 4.4, the 
lines A, B, C, and D are the horizontal Solar Cell Block edges for a particular face on 
the target, and hence are directly above one another on the target. Yet the apparent 
end-points of the four lines, pi, p2, p3, and p4 respectively are not directly above 
each other. In Figure 4.4, the two line Groups have been identified, and mean and 
normal vectors Ml and Nl, M2 and N2 for Group-1 and Group-2 lines respectively are 
shown. The Main Box face is not a box in the image, and instead forms an approximate 
parallelogram shape. On the target, the horizontal Group-2 lines are perpendicular to 
the vertical Group-1 lines, but in the image they do not quite meet at right angles.
Z „ 2
N1 
M2
N1
  Group-1 Lines
Group-2 Lines
Figure 4.4: Group-1 Mean and Normal vs. Group-2 Mean and Normal
In order to identify the relationship between the four Group-2 lines in Figure 4.4, the 
four direction vectors, Ml, Nl, M2, and N2 are required. The line end-points can be
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seen to lie along the mean of the Group-1 lines (Ml), and so projection of these four 
points onto the NI vector should produce identical results, indicating that these 4 lines 
are stacked vertically on the target. Hence, combining knowledge of the Group-1 and 
Group-2 mean and normal directions can lead to further means of line identification.
The vector Ml is assumed to point towards the top of the satellite. The signs of the 
other three vectors are set according to the direction of Ml. The assumption of a 
roughly upright target means that Ml should be pointing up in the image - however, 
a test can be made to check this. The target is not symmetric vertically, and the 
main box structure is located towards the bottom of the target. Hence, measuring the 
apparent width of the target, ignoring small lines (such as the bottom antennas), the 
width should become relatively small towards the top where the boom is located. A 
further test is the location of the major Group-2 lines, which should congregate around 
the main box structure and hence should be near the bottom of the target.
4.2.3 Group—2 Line Identification
The uniformity of the Group-2 lines are one of the main patterns used to assign a 
correspondence match. Projection of the Group-2 line endpoints onto the NI direction 
vector gives a rough guide of far sides of the main-box face. In practice, only one face 
is perceived well enough to extract suitable Group-2 lines. Only two of the main-box 
side faces can be seen at any time, and usually the second face is either viewed at too 
shallow an angle, or is in shadow. On the rare occasions when two sets of Group-2 
lines are visible (one from each face), then the horizontal lines from the second face 
may or may not have been grouped with the set from the first face, depending on the 
orientation of the target. A  merger of these two sets should be separable from the two 
distinct pairs of projections onto the NI vector.
The Group-2 lines must be ordered in terms of relative height on the target. The line 
end-points are projected onto the N2 line, so that both endpoints of a single line should 
project onto roughly the same spot, as N2 is the mean Normal direction vector for the 
Group-2 lines. These projection points gives a rough indication of the relative heights 
of the line. The difference between the maximum and minimum is assumed to be the 
height of the main-box face, although this may be inaccurate if some lines are missing. 
The Line Model has 6 horizontal lines per main-box face: the top and bottom of the
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face and the two solar cell blocks. The rough outline of the main-box is now assumed 
known, and so the position of the size lines are mapped to the estimated face, and are 
matched to the image lines that appear in the correct position.
If there are too few lines detected in the image, then these 6 lines may not have been 
detected. If the top and bottom line of the face is missing, then the estimated height 
and width of the main-box face will be inaccurate, and hence so will the mapping and 
correspondence. In order to overcome this, the matching is duplicated so that the 
closest two or three lines to the mapped model line are set as matches. See Figure 4.5 
below - on the left, 6 Group-2 lines have been detected, and the particular model lines 
are matched to the closest image line. In this case, “closest” means in terms of the 
difference in the N2 projection. On the right, however, only 3 lines have been detected. 
The model lines are matched assuming (inaccurately) that line C ’ is the main-box face 
top line. However, as there are so few lines, each of the model lines are matched with 
the two closest image lines (rather than just one). Although this generates a large 
number of errors (12 matches, 3 correct ones), amongst the errors are the three correct 
matches. When there are so few lines, good matches must be insured, at the expense 
of an increased number of erroneous matches.
F: Main-Box Face 
TC: Top Solar-Cell Box 
BC: Bottom Solar-Cell Box 
-T: Top Line 
-B: Bottom Line
X
Image Lines 
Model Lines
Matching Model to Image Lines 
Missed (Undetected) Image Lines
6 Lines Found
A --------------------------------------  -----------
B --------------------------- -------
C ------------------------  -------
D ------------------------  -------
E ------------------------
F    —
F-T
TC-T
TC-B
BC-T
BC-B
F-B
A'
3 Lines Found
X
X
c> ------------
D' X
E’
F-T
TC-T
TC-B
BC-T
BC-B
F-B
Figure 4.5: Matching Model Lines to Group-2 Lines
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When there are more than 6 detected Group-2 lines, the image lines that are closest 
to the 6 model lines are chosen for correspondence.
4.2.3.1 Target Main-Box Face Ambiguity
On the model, there is a choice of 4 side faces of the main box with which to associate 
the Group-2 lines found. Although there are some very minor exterior differences 
between the faces, it is in general very difficult to tell them apart, and therefore no 
effort is made. The Line Model makes no distinctions between main-box side faces. An 
arbitrary face is chosen, which may or may not be the correct face. This will mean that 
a successful pose estimate will contain 90-degree rotation ambiguities about the boom 
of the target.
However, in order to refer to the same face as other heuristics, some assumptions are 
made. The main-box faces of the target have been given the following letter identifiers:
Face A  The top face containing the boom and four top antennas, the Star Facet (+y 
face)
Face B  the front face, facing in the in-track direction (+x face)
Face C  the right face (+z face)
Face D  the back, trailing face (-x face)
Face E the left face (-z face)
Face F the bottom face containing the bottom antennas, the Earth Facet (-y face)
Note that descriptions of the Line-Model facings in terms of in-track directions are in 
terms of a non-rotated target (for example Figure 4.1), and do not necessarily coincide 
with the true target in-track directions. For example, the target’s ‘in-track5 face B 
could be facing in any direction, including directly behind.
It is arbitrarily assumed that face E is always prominent (in Figure 4.1, the two faces
in view are E and D). Usually, there is only one face that generates Group-2 lines. If
more than one face generates these horizontal main-box face lines, then the left face is 
set to E, and the right to D.
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Therefore, other heuristics will require some knowledge of the existence of Group-2 
lines. If this knowledge does not exist, then these heuristics must make the same 
assumptions of which faces are in view.
4.2.4 Group— 1 Line Identification
Group-1 lines should be the target vertical lines, which should include the boom and 
top antennas, as well as the face and solar-cell block vertical edges. Unlike Group-2 
lines, these lines take a wide variety of lengths and positions.
One of the most prominent lines is the edge of the main-box face on the Sun-side of the 
target, bordering the background of space. It is also one of the two external Group-1 
lines, according to NI (average normal of Group-1 lines) projection. The other far 
Group-1 may or may not be an edge, as the other side of the target may be in shadow, 
and hence may not be visible. Hence, if the direction of the Sun is known, a main-box 
edge can be found directly.
Taking the previous assumption of a roughly upright target, the only information re­
quired is whether the Sun favours the left or right side of the target. If the Sun favours 
both sides, then either edge will be identifiable - in which case, the prominent edge is 
arbitrarily chosen as the left edge. It is assumed that any inspection satellite should 
have the ability to detect the location of the Sun (the majority of SSTL satellites have 
this ability) to within several degrees for absolute attitude estimation purposes, hence 
reducing this to left or right should be trivial.
With knowledge of the direction of the Sun, the Group-1 line on the far side in the 
direction of the Sun must be at least partially a main-box edge. Depending on the 
orientation of the target, the top antenna associated with that edge may be visible, in 
which case it would make up part of the detected line. This variation in top-antenna 
appearance is due to the thin reflective nature of the antenna strip. If the background 
is reflected, the top antenna appears invisible, while if the light source or target is 
reflected, the antennas become very visible. In order to resolve the existence of the top 
antenna as part of the far Group-1 line on the Sun side, the nearby Group-1 lines are 
examined for particular patterns. For example, if top antennas are visible, both edges 
are usually very visible (and hence easily detected), producing two lines close together 
with top end-points very close to each other.
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Once the line has been identified as either an edge or an edge and top-antenna com­
bination, the line can be used as a standard measure in identifying the other Group-1 
lines. The position of the end-points of the lines, as well as the length of the line, can 
help in further identification.
Any further edge identified will give some information on the number of visible faces 
apparent, depending on the number and type of edges detected and the spacing in 
between them. Keeping with the assumptions for Group-2 lines, if only one side face 
is visible, it is set as the main-box left face E (-z face). If two side faces are visible, the 
location of Group-2 lines and Group-1 Solar-eell Block lines are required. If they are 
evident in only one face, this face is assigned E, and the second face is assigned D or B 
depending on whether it is to the right or left of the first face respectively. If both sets 
of faces contain Group-2 lines and/or Group-1 Solar-cell Block lines, then the faces 
are assigned to be E and D  as with the Group-2 line assumptions.
The Group-1 and Group-2 Line Identification represents the bulk of the heuristics used 
to date.
4.2.5 Heuristic Output
The Heuristic output is a set of image line numbers with their matching data line 
numbers. Although the heuristics described above are all that is used so far, further 
heuristics could be developed to add to the output list, working along side the current 
ones. Extra heuristics can be developed to take information from any available source. 
For example, particular known features on the target could be used, or a higher-level 
object search such as plane-detection, in order to aid in line identification. These 
heuristics could be entirely independent, although some of the assumptions made above 
may need to be observed. In effect, this system can achieve an almost arbitrary level 
of success, at the expense of added complexity, computation time, and an increased 
number of possibly erroneous matches.
This chapter has described the method used to find a correspondence list of image and 
model lines from an image of a known target. It is unlike the methods discussed in 
Chapter 2 in that the correspondence is derived totally from scratch-built heuristics, 
designed in an arbitrary manner. The closest comparison is the controlled Iteration- 
tree searches (eg. [64]), where heuristics can be used to prune the tree in order to
40
Chapter 4. Im a ge-to -M od el Correspondence
reduce the search space. However, even efficient heuristics will still leave relatively 
large numbers of possibilities. Using heuristics from the start in the manner described 
above will mean a loss of any guarantee of finding all possible matches, but will mean 
a much smaller set of possible matches that can be tested in real or near-real time. 
While the IT search-tree method can be generalised for different problems, the use of 
these heuristics specifically sacrifices this generality in order to improve the number of 
correct matches for this particular problem.
The next chapter describes how the correspondence list found in this chapter is conver­
ted into an estimate of pose and location, and what methods are used to remove the 
incorrect matches.
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C h a p t e r  5
L i n e  C o r r e s p o n d e n c e s  t o  P o s e  
E s t i m a t e
The purpose of this chapter is to explain the method of selecting the correct image- 
line to model-line correspondences while rejecting the inaccurate ones, and using these 
correct correspondences to generate an estimate of the target pose. The chapter begins 
with an introduction to RANSAC, a robust method of outlier removal. This is followed 
by an explanation of how to convert line correspondences to pose estimates. The 
chapter ends with a method of testing the quality of fit for a given pose estimate.
5.1 Random Sample Consensus
RANSAC, short for RANdom SAmple Consensus, was first introduced in [18]. When 
attempting to fit a model to a set of noisy measurements, outliers must often first be 
removed before model parameter estimation can take place. Outliers are measurements 
that defy the smoothing assumption, which states that the maximum expected devi­
ation of any datum from the assumed model is a direct function of the size of the data 
set, and that there will always be enough ‘good’ values to smooth out any gross devi­
ations [18]. Even a relatively small number of outliers can often cause a large enough 
deviation to render a fitted model useless.
The following example, taken from [18], demonstrates a common failure in attempting 
to remove outliers. In the following case, the data set is analysed as a whole, and the 
apparent worst points are removed individually to try to improve the model fit.
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Ideal
1 : (0 ,0 ) 
2 : (1 ,1 ) 
3: (2,2) 
4: (3,2) 
5: (3,3) 
6: (4,4) 
7: (10,2)
Figure 5.1: Example - Successive throwing out of worst residual
Figure 5.1 shows a set of points, containing a single outlier point (point 7). Using 
a standard least-squares fit (for example, using the pseudo-inverse method described 
in [16]), the best-fit line for all seven points is shown as the dotted line, which is quite 
different from the ideal model line due to the large distortion effect of point 7. A 
standard approach to try to improve the line fit would be to successively remove the 
points that are furthest from the line. In this case, the first point to be removed is 
point 6. When the next least-squares line fitting is found without point six, it will 
be even closer to the outlier point, and even more in error. The process is iterated, 
removing point 5 and then point 1 to give the final best fit line containing the points 
2, 3, and 4, and the outlier point 7. This line meets the particular stopping criterion of 
all remaining points within 0.8 units distance of the final line. Hence, in this case, the 
attempt to successively remove the apparent worst points failed, as the initial best-fit 
line contained the outlier point.
The main principle behind R ANSAC is to take random minimum-length subsets of the 
data set, fit a model to this subset, and then compare the model fit to the remaining 
points. The length of the subset is just enough to allow model fitting to take place. 
The extra points that deviate only slightly from the model are included in the original 
subset, and an expanded model fit is made. This is repeated, until the remaining points 
that refuse to fit are identified as potential outliers. A new subset is chosen at random, 
and the entire process is repeated a number of times. For each random subset, there 
is the possibility that one or more of the points are outliers, in which case the model 
will not fit well with the remainder of the data, and should therefore be identifiable. 
Those subsets that do not include outlier points should generate models that match
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the majority of the data well, and should therefore highlight the outlier points.
In the above example of line-fitting, a line can be defined using only two points. There­
fore, two points are chosen at random, and a line is fitted to those two points. The 
remaining points that lie close to this line are included, while those that lie some dis­
tance from the line are rejected. If the two points include the outlier point 7, then very 
few of the remaining points will lie close to this line. However, if the pair does not 
include the outlier, then the generated line will lie close to all points except the outlier. 
Hence, with the outlier identified, a new model-fit can be made using only points 1-6.
In order to use RANSAC, several parameters are required. Some acceptable error 
tolerance must be defined, so that it is clear whether data points are in agreement with 
the new model fit or not. There must be some idea of how many points in agreement 
are required before the match is declared to be a good one. Finally, the number of 
random subsets taken must be known. The more tests are run, the more likely that 
the best fit will have been found, but at the expense of increased computation. If 
the percentage chance of choosing an outlier at random is known, then the number of 
iterations required can be found for a given confidence interval [18].
5.1.1 R A N S A C  parameters for the problem at hand
In this work, the outliers take the form of incorrect correspondences. These incorrect 
matches are classification errors rather than measurement errors, and can therefore 
result in gross errors that cannot be averaged out. The correspondences must be 
correct when estimating the pose, otherwise the estimate will have no relevance.
The length of each random subset is taken to be 4, so that 4 line correspondences are 
used to calculate the pose estimate. According to [13], there are non-unique pose 
solutions for 4 and even 5 line correspondences. Therefore, in addition to rejecting 
incorrect correspondences, those correct correspondences that converge to the wrong 
solution when there is more than one must also be rejected. The subset length could 
be increased to 5 or even 6 lines, but this increases the chance of including an outlier 
amongst the chosen points, as well as increasing the computational load during model 
fitting. Empirical observations from a number of trials indicates that increasing the 
number of line correspondences does not generally improve the pose estimation.
When the pose has been estimated, the quality of the model fit must be tested. To
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do this, the model is projected back onto the image, using the estimated pose and 
known camera calibration parameters. This converts the 3-dimensional model lines to 
2-dimensional lines that can be directly compared with the data lines extracted from 
the image. From these comparisons, it should be possible to determine if the model fit 
is accurate. See Section 5.3 for more details.
Finally, the number of iterations must be chosen, which is dependent on the length of 
the subset, the chance of choosing an outlier, and the confidence interval required. It 
has been found through testing that the percentage chance of choosing an outlier in 
the set of correspondences is very dependent on the particular data. As a rough guide, 
a value of 0.3 was chosen as the chance of choosing an incorrect correspondence match. 
Given 4 line correspondences, the expected value of the number of trials is 4.2, and to 
obtain a 95% assurance of making at least one error-free selection, then approximately 
3*4.2 trials are required [18]. Hence, the number of trials were initially chosen to be 20. 
This number will be limited in Real-Time or Near-Real-Time applications. The largest 
number that still meets timing requirements should be chosen in such circumstances.
5.2 Estimating Pose from Four Line Correspondences
For each R A N S A C  iteration, 4 image-to-model line correspondences will be made avail­
able, which are used to estimate the pose. This section describes how the 4 correspond­
ences are used to estimate the pose.
The following derivations in this section have been taken from [31, 30], and have been 
recreated and expanded here for completeness.
Figure 5.2 demonstrates the Interpretation Plane, formed from the 3D points q i, q2 
described in camera coordinates, and the camera optical centre. The true positions of 
the two points in 3D space (referenced to the camera coordinate frame) is unknown. 
The vector difference between the two points q i and q2 form a line in 3D space, which 
is projected onto the image plane. Both the original line and the projected 2D line are 
parallel with the Interpretation Plane. The two q points are the result of a rotation 
and translation transformation from model/target coordinates:
qi =  R p i  + 1 (5.1)
45
C hapter 5. Line Correspondences to P ose E stim ate
Figure 5.2: Interpretation Plane
q2 =  R p 2 + 1 (5.2)
where R  is the desired 3x3 orthonormal rotation matrix, t is the desired 3x1 translation 
vector, and pi and p2 are the end-points of the 3D line before the transformation.
The vector a in Figure 5.2 is perpendicular to both vectors qi and q2, and represents 
the normal to the plane. Without noise, vector a is also perpendicular to the two 
vectors formed from the optical axis and the two image points, where the image points 
are the intersection points of the two vectors qi and q2 and the image plane. Hence, 
without noise, the following is true:
aTqi =  aTq2 = 0 (5.3)
=> aT(i?pi+t) = aT(i?p! + t) = 0 (5.4)
=+ aT(i?p + 1) =  0 (5.5)
where p is any point in between the end-points of the line, before rigid-body trans­
formation occurs. In Figure 5.2, the vector n represents the unity direction vector of
the line formed by points pi and p2:
P2 “ Pi /c ^n =  fj rr (5.6
||P2 — Pl||
Hence n represents the direction vector of the line before transformation. Therefore, 
the transformed vector R n is parallel to the line formed by points qi and q2 (see 
Figure 5.2), and is also parallel to the Interpretation Plane, hence:
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aT(i?n) = 0 (5.7)
Without noise, Eqn. (5.7) is true. The vector n represents the (known) model line 
before transformation, and the matrix R  represents the (unknown) rotation, in this 
case from model to camera coordinates. The vector a can be calculated, as the image 
points that lie on the interpretation plane and the camera calibration parameters are 
known.
With noise, Equations (5.5) and (5.7) are no longer satisfied. In order to find R , the 
following snm-of-squares error function F\ is minimised:
i=l
where a| is the noisy observation of a;, and n is the number of line correspondences. 
Let $ be a set of three angles:
where R(4t) is a rotation about the x-axis by c j ,  followed by a rotation about the y-axis 
by (j), and a final rotation about the z-axis by k . Hence, R{4t) is a non-linear function
(5.8)
T  =  cj)
V K  )
(5.9)
of#. A linearisation of R  about a given set of angles where is the kth iteration 
of #, gives a new form of Eqn. (5.8):
2
(5.10)
Setting the partial derivative of F\ in Eqn. (5.10) with respect to Acj, Acj) and An to 
0 is as follows:
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i= l
(5.13)
Separating those terms dependent on A  4/ from those that do not, Equations (5.11), (5.12) 
and (5.13) become:
Y  a&(Awa& +  A <j>af2 +  A/ca&)
i= l
n
E 4 ( A w a f i  +  a<K *2 +  A/ca&)
i= l
n
Y  af3(Aa/af1 +  A 0a&  +  AkoJ3) 
1=1
n n n
J  A c o  Y  +-1 + 1  +  A 0  ^  afiaj2 +  A /c ]T  a^af3
i= l  i= l  i= l
n n n
fa A w E 4 4  +  A ^ E 4 4  +  A « E 4 4
t=l i= l  i= l
n n n
J  Alo XZ ai3an +  A</> XZ  ^ 30,^ 2 +  A/c XZ <1*30*3
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n
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n
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Hence,
where
and
A =
A tA  A #  =  - A tB
’  nk “ l l
nk“ 21
ak12
nk“ 22
a 13
a 23
, B =
I
3 
3 ..
...
i
, A\I> =
A  LO 
A f
ak .  “ n l nkn2 an3 . nk .  a n 4  .
A k,
ail
“i2
ai3
ai4
dR{^k)- n . 
^  dw ^
» T  « « ( * * )
a< ” a T “ ni
< a/c ’
a |T R('Sh) rij
(5.14)
5.2.1 Rotation Matrices and their Derivatives
In order to calculate dIig^ — etc., the function R(M) must be defined. The three angles of 
+ have been described above as a rotation about the x, y, and z-axis in that order. This 
section describes the derivation of R(A?) by deriving the rotation about the respective 
axis.
y y’ y=y’ y x’
rotation
y-axis
rotation
z-axis
rotation
Figure 5.3: Rotation About x,y, and z-axis
Figure 5.3 shows the rotation about each of the three axis. Note that in each case, the 
axis are right-handed, and the rotation is in a right-handed sense (see Chapter 3 for 
more information). The standard rotation matrices about each axis are as follows:
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Rx(n ) —
Rzi(4>)
R z(k ) =
1 0  0
0 cos(cj) sin(cj)
0 — sin(cj) cos(tu)
cos (4>) 0 — sin ((f))
0 1 0
sin(0 ) 0 cos (<fi)
cos(k) sin(/s) 0
— sin(fcc) costy) 0
0 0 1
(5.15)
(5.16)
(5.17)
The three individual rotation matrices in Equations (5.15), (5.16), and (5.17) allow 
the final combined rotation matrix to be defined. As specified earlier, the order of the 
rotation is an x-axis rotation followed by a y and z-axis rotation. Therefore, the final 
rotation matrix is as follows:
i?(#) = R z(k ) R y((j)) R x (lo) =
CKC(f) CK S(f) SU) +  SK CU) — CK S(f) CU) + SK SU) 
~SKC(f> — SKS(f)SU) + CKCU) SK S<f> CLO + CK SU)
S<J) —C(f) SU) C(f) CU)
(5.18)
where cu) — cos(co), su) =  sm(cn), c<p =  cos((f>), s<p = sin(q!>), ck =  cos(k), and sk =  
sin(K).
Hence, the partial derivatives of R(4*k) with respect to co, <f> and k can now be defined 
as follows:
dR(Vk)
doo
0 CKS(j>CU) — SKSU) CKS(j)SU) + SKCU) 
0 — SK S(j) CU) — CK SU) —SKS(f)SU) + CKCU) 
0 — C(j)CU) — C(p SCO
(5.19)
9R(9k)
d(f>
— CK S(f) CK C(f) SU) —CKC(f)CU)
SK S(j) — SKC(f)SU) SK C(f) CU)
C<f) S(pSU) — S(f) CU)
(5.20)
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dR($k)
8k
-SKC(j)  —  S K S f s u O  +  CKCLO S K  S<f> CW +  CK S iO
-CKC(f) — C K S f S L O  — SKCU) CK s f  CU) — S K  SCO
0 0 0
(5.21)
5.2.2 Ambiguities and Failures to Converge
With Equations (5.19), (5.20) and (5.21), the structure of Eqn. (5.14) is known. In order 
to solve Eqn. (5.14) for AT, the inversion of A TA is required. This can be performed 
using the pseudo-inverse [16], or a more numerically stable inverse using Singular Value 
Decomposition (SVD) [51] as A TA  is a square matrix.
Therefore, for a given ^ fk , A \I  can be found so that fyk+1 =  + A\I> further reduces
the error function F± in Eqn. (5.8). This iterative procedure can be repeated until A T  
becomes negligible.
However, as with most least-squared minimisation algorithms, some form of initial 
guess is required. Currently, all angles are initialised to 0. Due to the simplifying 
assumptions made in Section 4.2.1 and the fact that 90° ambiguities about the boom 
are ignored, the maximum deviation in the current data sets are 45° in f (the y-axis 
rotation about the boom) and 30° in lo and k .
During trails, it was observed that even with correct correspondence, the rotation es­
timation algorithm given above occasionally converged to an incorrect estimate of the 
pose. Figure 5.4 below gives a particular example. In this figure, the left-hand pane 
shows the lines extracted from the image. Four of these lines, arbitrarily numbered 1, 
3, 5, and 6, are correctly matched to lines on the model. The second pane shows a 
possible pose estimation for the given correspondence. The corresponding model lines 
are labelled and highlighted. The dotted lines show the gradient of the respective im­
age lines, which should closely match the apparent gradient of the model lines. Each 
image line is matched to a model line that occurs on the same Interpretation Plane 
(Figure 5.2). However, translation in the plane is ignored, and hence there are oc­
casionally other possible solutions which do not represent an accurate pose estimate. 
The right-hand pane in Figure 5.4 is an example of such an incorrect convergence. All 
matched lines remain parallel to the corresponding image lines, yet the orientation of 
the target is almost 180° in error with respect to a rotation about the target z-axis.
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Image Lines Model Lines: 
Correct Convergence
Model Lines: 
Incorrect Convergence
Figure 5.4: Ambiguities in estimating Pose - Example 1
Note that the model line corresponding to image line 1 in the right-hand pane is behind 
the target, and hence occluded (shown here as a dashed line). Therefore, pose estimates 
that position the corresponding model line out of view can be discarded in favour of 
another solution.
The two possible solutions in Figure 5.4 represent the only two convergences in over 
1800 individual tests, over the full range of possible initial rotations (— 7r < x < 7r, 
— ?r <  2/ <  7T , — 7r  <  z <  tv  where x, y and 2 are rotation angles about the x, y, and 
z-axis respectively). In these tests, the correct (desired) convergence occurred 48.5% 
of the time, while the incorrect convergence occurred 51.5% of the time. There was 
no perceivable pattern other than smaller deviations in the initial guess from the true 
pose generally stand a better chance of converging to the correct solution. Only one 
test in more than 1800 failed to converge.
Figure 5.5 below demonstrates another example. Another 1800 tests were carried out, 
over the full range of possible rotations. Only two possible solutions were found, shown 
in the middle (desirable) and right-hand (undesirable) pane. In this case, 25.4% con­
verged to the correct solution, 23.3% converged to the incorrect solution, and 51.4% did 
not converge. This demonstrates a relatively high percentage of convergence failures. 
Also, in this example, the incorrect convergence is not obvious. Unlike the previous ex­
ample, the right-hand pane represents a legitimate (although incorrect) pose estimate.
Although the above two examples do not represent an exhaustive analysis, they do 
have characteristics commonly observed for this data set. An exhaustive study would 
be hampered by the non-linearity of the problem, and by the number of possible contrib-
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Image Lines Model Lines: 
Correct Convergence
Model Lines: 
Incorrect Convergence
Figure 5.5: Ambiguities in estimating Pose - Example 2
uting factors such as the positions of the corresponding lines on the model. Throughout 
the tests given in this work, there are usually only two stable solutions, although oc­
casionally three have been found, and sometimes only one exists. Four stable solutions 
have yet to be found with these particular data. There is the possibility that no correct 
convergence exists, assuming correct correspondence, often due to a poor combination 
of lines (for example, a parallel set of lines).
In order to increase the chance that the desired convergence is achieved, the process of 
estimating the pose can be repeated a number of times, until two stable solutions are 
found, which can then be presented for testing at a later stage.
5.2.3 Estimating the Translation Vector
Once the rotation matrix has been estimated, the translation vector can be estimated 
by minimising the least-squared error of Eqn. (5.5) [30]:
£* =  £ £ { a f ( i J p ! + t ) } :
2=1 j=1
(5.22)
where j —  1..2 is the line end-point index, and i is the line index. The derivative of F2 
with respect to t is found:
dF2
dt
d nf e £ £ { a f ( * p |  + t)}'
2=1 j = 1
Y ,  j i  { a i T -frPi +  a *T t } 2 +  it { af RPi +  a**T t } 
2=1 2=1
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n n
=  2 { &iT R P i +  a f t } af +  ^  2 { a f  R p ?  +  a f t } a?
4=1 • 4=1
= 2 £  {af flpj + 2a|Tt + a f  Rp?} af =  0 (5.23)
4=1
where p) and p? are the two end-points of the pre-transformed 3D line i. For Eqn. (5.23)
to be true, the contents of the bracket {} must be 0 for all i, i.e.:
a f  Rp,} + 2af t + a f  Rp? = 0 Vs
=S- 2af t =  — a f  Rp? — a f  Rp? W  (5.24)
Eqn. (5.24) can be restated as:
Ct —  D  (5.25)
C  =  2[a;,af..,a;]T
D  =  [-af i?p} - a f  ijpf, - a f  Rp\ -  a f  iJp|, - a f  Rp\ - a f  R plf
Where C is an nx3 matrix, while D  is an nxl vector. Both C and D can be found, 
assuming known correspondence, and therefore Eqn. (5.25) can be solved for t by 
pseudo-inverse or SVD methods as with the solution of R.
The end result of this section is that, for a given set of 4 correspondences, the rotation 
and translation from target to camera coordinates can be found, which is equivalent to 
estimating the pose of the target.
5.3 Testing the Pose Estimates
Once the estimate of the pose has been found, some method of gauging the effectiveness 
of the estimate is required. The four corresponding lines have been matched to the 
model, and the remaining lines must now be tested, by measuring how close these lines 
match the model for the given pose.
The testing procedure involves projecting the model onto the image, using the estimated 
pose as the extrinsic camera parameters, as described in Chapter 3. This will convert
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3D model lines into 2D lines that can be directly compared to the existing image 
lines. There is no correspondence information for the remaining image lines, so the 
correspondences must be generated by choosing the projected model line that best fits 
a particular image line.
5.3.1 Finding Correspondences in two sets of Image Lines
In this section, it is assumed that there are two sets of lines available, the projected 
model lines and the image lines. The task is to find the best projected model line to 
match each of the image lines. Therefore, if there are more model lines than image lines 
(as is usually the case), then many model lines will go unmatched. If two image lines 
match the same model line, the image line with the highest match value is paired with 
the contested model line, and the second image line is paired with its second choice of 
model line.
A  value is required that gives a relative match quality between two lines. The actual 
match value has no significance, other than as a comparison with other line match 
values. This value is based largely on the rho (p) and theta (9) error of the two lines - 
see Figure 5.6 below.
Figure 5.6: Rho and Theta Error
With regards to line comparison, rho is the shortest distance from a specified point to 
the (infinitely extended) line in question. In Figure 5.6, the specified point is the origin. 
The shortest distance to an infinitely extended line bisects the line at right angles. The 
angle theta for each line is the angle from the horizontal axis to this bisecting line. The 
rho and theta error is the difference between the rho and theta values for the two lines.
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5.3.1.1 Empirical Measurements of correct Rho and Theta Values
In order to compare several different matches, some gauge is required in estimating the 
likelihood of the measured rho and theta errors. This gauge should indicate whether 
the measured errors could have originated from correct or incorrect matches.
To find this gauge, a series of tests were carried out. In each test, the true correspond­
ences were manually identified, and the measured rho and theta error of the correct 
correspondences were found. These errors were modelled, so that the likelihood of 
a given error value could be estimated, assuming correct correspondence. Incorrect 
matches will generate errors that should exceed those of a correct match, which should 
generate a low probability of a correct match.
In total, there were 68 tests carried out. The target model was rotated through a series 
of y-x-y rotations with respect to the camera coordinate frame, where the initial y-axis 
rotation was about the boom, and placed at at fixed distance from the camera. The 
first y-axis rotation was in four 22.5° segments from 0° to 67.5°. There is a symmetry 
about the target y-axis at 90°. The x-axis rotation was either 0, 15, or 30 degrees, 
and the final y-axis rotation was in eight 45° segments from 0° to 315°. When the 
x-axis rotation is set to 0, the second y-axis rotation is irrelevant, and hence there are 
only 4 combinations of rotations for this x-axis rotation. Otherwise, there are 4*8=32 
combinations for x=15° and x— 30°, giving a total of 68 rotation combinations. An 
initial small random offset was also introduced to all rotation combinations.
For each rotation, the detected image lines were compared to the projected model lines 
using the correct pose, and each image line was correctly matched to the appropriate 
model line. For each match, the rho and theta errors were measured, as well as the 
error in end-point position. In effect, the error measured is due to the line detector.
Figure 5.7 below gives a histogram of the rho error for the combined results. The dotted 
line represents the scaled equation:
cfr{xr) = c exp{— 0.9&v} (5.26)
where xr is the rho error measured in pixels. The scaling factor c is included only 
to display alongside the histogram values of Figure 5.7. Eqn. (5.26) was chosen by 
inspection only, to approximately match the rho error distribution.
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Figure 5.7: Rho Error Histogram
Pixel distance
Figure 5.8: Rho Error - Normalised Summed Histogram
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Figure 5.9: Theta Error Histogram
Figure 5.10: Theta Error - Normalised Summed Histogram
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The histogram values in Figure 5.7 are normalised so that the total area under the 
error curve is 1, and integrated over xr. The function fr(xr) is also integrated over xr:
where fr(xr) represents the probability function that approximates the histogram in 
Figure 5.7, and Fr(xr) is therefore the cumulative distribution function. The result is 
given in Figure 5.8. The solid line shows the cumulative distribution of the measured 
rho error, while the dotted line shows the cumulative distribution of Eqn. (5.26). It 
can be seen that the chosen equation reasonably approximates the measured error 
distribution curve.
In order to form a true probability function, Eqn. (5.26) should be multiplied by a 
constant value of 0.9 so that ffl 0.9 exp{— 0.9a> } dxr =  1. However, this is not necessary 
in this case, as fr(xr) will be used for comparison purposes and not for probability 
analysis, and 0.9 ~  1. The main properties required of fr(xr) is that fr(0) = I, 
fr{xr —> oo) —> 0, and the curve approximates the histogram of rho errors.
Figure 5.9 shows the histogram of theta errors, where xt is the theta error measured in 
radians. Unlike the rho error case, theta error is partially dependent on the length of the 
line and the ratio of the two lines in the matching pair. To model this, the exponential 
scalar term varies linearly between -50 and -80 depending on the line length ratio, which 
is the ratio of the smaller line length over the larger line length and hence varies from 
0 to 1. The exponential scalar term is fixed at 50 if the line ratio drops below 0.5. 
Figure 5.9 shows the two graphs of 50 exp{— SOa;*} and 80 exp{— 80xt}. As with the 
rho error case, the graphs have been scaled to match the histogram values. Smaller 
lines (and hence ratios) tend to have larger errors, and are therefore associated with 
the exponent scalar term close to -50. Longer lines are expected to have less error, and 
are associated with a more negative exponent scalar term up to -80. This scalar term 
is Af(/r), where lr is the line length ratio (see Table 5.1).
Figure 5.10 shows the equivalent cumulative probability distribution of theta error. Two 
curves are displayed, A  and B, which correspond to F((xt) = ffl 80 exp{— 80 x't} dx't 
and Ffl(xf) =  ffl 50 exp{— 50 x't} dx't respectively. The scaling values of 50 and 80 are 
added to make sure the respective integrals sum to 1 over oo. The A  curve more closely
(5.27)
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approximates the error distribution at low error values, while the B curve more closely 
approximates at higher error values. Note that A  and B mark the range of possible 
cumulative distribution functions, as the exponential scalar term can vary between -50 
and -80.
Rho and theta error measurement alone can be used to determine the quality-of-fit 
value, but further factors such as end-point location can provide further assistance. 
End-point error is the distance in pixels from the end-points of the two matched lines. 
If there is doubt as to which image line end-point applies to which projected model 
line end-point, the combination with the lowest error is chosen. Figure 5.11 shows the 
histogram of end-point errors.
Unlike previous distributions, the majority of errors due not peak at 0, but rather there 
is a positive offset in the peak. This is due to the line detector used, which estimates 
the rho and theta values of the line accurately, but has difficulty in detecting the ends 
of lines. The end-point estimates usually fall slightly short of the true line end-point. 
In order to match this modal distribution, the following function is used:
fe(xe) =  kexe exp {— A xe} (5.28)
where xe is the end-point error in pixel units. The peak of this function is found as 
follows:
ke xe exp{-Ae ®e}
dxe dxe
=  ke exp{-Ae a:e} - ke xe Ae exp{-Ae xe}
— ke exp{ Ag :Te}(l Ag £Cg) — 0
^  'Speak ~  T (5.29)
The peak is found directly from the data to be 2.6606, and hence Ae is fixed at 0.37586. 
The scalar value ke is set so that fe{speak) —  U
fe i& p e a k ) k e 'Speak ®XP{ ^e^pea/c}
= ke —  exp{— 1} = 1 
ke = Ae exp{l} (5.30)
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Figure 5.11: End-Point Error Histogram
Figure 5.12: End-Point Error - Normalised Summed Histogram
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As Ae = 0.37586, ke = 1.022. Therefore, /e(0) = 0, fe{%peak) —  1? and fe(x co) -> 0.
For this case, it was determined that matching the peak was the most important as­
pect. This choice means sacrificing some degree of graph matching - the cumulative 
distribution function of Figure 5.12 does not show as close a match as with previous 
distributions. However, the fit is judged to be adequate for the purposes of estimating 
a relative quality-of-fit value.
As the line detector is more proficient in estimating rho and theta values as compared 
to end-point position, the end-point error is weighted to reduce the effect of this error 
with respect to the other distributions. The weighting must retain the properties that 
/e(0) = 0, fe{xPeak) =  1, and fe(xe -+ oo) -+ 0. To achieve this, a further function is 
applied to the result of Eqn. (5.28):
g (/e(*e)) = 1 - exp{-kgfe(xe)} + /e(®e) exp{ -k g} (5.31)
The output of fe(xe) is a value from 0 to 1. When fe{xe) =  0, g(fe(xe)) = 0, and when 
fe(xe) =  1, g(fe(xe)) =  1. Figure 5.13 shows a graph of g(fe(xe)) for a variety of kg 
values. The current chosen value for kg is 3.
Figure 5.13: Weighting for End-Point Error
The value of fe(xe) represents the quality-of-fit based only on end-point location. A 
value close to 1 indicates a good fit, while a value close to 0 indicates a poor fit. The 
other two quality-of-fit values from rho and theta error will also supply a value from
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0 to 1. The final quality-of-fit will be a straightforward multiplication of all three of 
the individual quality values, to arrive at a final value that will range from 0 to 1. The 
purpose of function g(fe(xe)) is to increase the quality-of-fit value for end-point errors. 
In effect, this function makes the errors less significant, as values that tend to 1 in a 
series multiplication will have less of an effect.
Each of the comparison functions are summarised below:
f r ( x r ) exp{— Ar.Tr} A,. — 0.9
f t ( x t ) exp{-At(ir)a?i} l r  —  line length ratio
At(lr) - <
50 l r  <  0.5 
30(2/r - 1) + 50 l r  > 0.5
f e  (® e) kexe exp{— Aerce} Ae = 0.37586 
ke = Ae exp{l}
g{fe(xe)) 1 - exp{-kgfe(xe)}
+ fe(Xe) exp{ kg}
kg —  3
Table 5.1: Comparison Formula
5.3.2 Pose Estimate Quality-of-Fit
The final quality-of-fit value, l qof  for a pair of lines is as follows:
l q o f  ~  f r ( ® r )  g{fe{xe)) (5.32)
where 0 < l qof  < 1, xr is the rho error, xt is the theta error, and xe is the end-point
error.
High values of l qof  indicate the match is estimated to be correct. Currently, each
image line is tested with each model line using Eqn. (5.32), and the model line that
generates the highest l qof  value is matched to that particular image line. Therefore, 
correspondence is achieved between the image lines and the most favourable model 
lines.
The average quality-of-fit value for all the image lines is taken to be the overall quality- 
of-fit for the pose estimate, pqof:
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Pqof — (5.33)n x ,4 = 1
where n is the number of image lines, l'lqoj is the maximum lqof value for image line z, 
and 0 < pqof < 1.
This final value for the quality of the pose estimate, pqof, can now be used to compare 
different pose estimates. Those estimates that generate higher values of pqof should be 
better matches, and should be closer to the true pose. After the specified number of 
R A N S A C  iterations, the estimate with the highest pqof value can be put forward as 
the final, best estimate of pose. In order to minimise the chance that a bad estimate 
is put forward, the next two highest-scoring estimates are also kept. Therefore, three 
estimates are presented to the next module.
The next chapter describes how these three pose estimates are used to find a local 
Gauss-Newton least-squares minimum error solution, that should reduce the pose error 
further and produce a covariance matrix for the estimated pose parameters.
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C h a p t e r  6
G a u s s - N e w t o n  M i n i m i s a t i o n
This chapter explains how the best pose estimates, found through R A N S A C  methodo­
logy in the previous chapter, are improved by using a Gauss-Newton (GN) least-mean 
squared (LMS) estimator. Greater accuracy will be achieved as this uses as much of 
the available data as possible, rather than being restricted to 4 lines as before. The 
rotation and translation will be estimated at the same time, which means that errors 
in estimation are spread between all 6 values rather than concentrating in a particu­
lar subset. The method of pose estimation in the previous chapter estimates rotation 
and then translation, which is computationally more efficient [30], but any errors in 
estimating the rotation will feed forward and hence exaggerate any errors in transla­
tion estimation. The G N  estimator will also improve the pose estimate by modelling 
and compensating for errors associated with line detection. However, it requires a pose 
estimate that is reasonably close to the true pose of the target, otherwise convergence 
will not occur.
Greater accuracy in pose estimation is useful, but the most important contribution 
of the the Gauss-Newton minimisation procedure is to provide a covariance matrix 
for the output parameter vector. For the previous least-squares approach, there is no 
statistical measurement of the quality of fit, only the arbitrary measure based on line 
comparisons. The covariance matrix produced by this procedure can be used as part 
of the Kalman filter of the following chapter.
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6.1 Derivation of the Update Function
This section is an abridged form of the derivations that appear in [35, 36, 52].
A  noisy observation vector z(j) is assumed to be the sum of a known measurement 
function h(j;x) and a noise vector w(j) such that
z(j) = h(j;x) +w(j) (6.1)
where w(j) is a random noise vector with covariance matrix N(j), and x is some 
desired parameter vector to be estimated. An error function J(x) is defined as the 
sum-of-squares error between the observation vector z(j) and the measurement vector 
h (j;x ) :
J(x) = “ h(i;x))TW(i)“1(z(i) - h(j;x)) (6.2)
j= i
where k is the number of observations made. The function J(x) can be approximated 
by its Taylor series:
J(P) +
t
d J
dx
c + bTx -+ xTAx
92J
X  +
(6.3)
for some point P. Eqn. (6.3) can be differentiated to obtain:
~ ~  = 2xtA  + bT (6.4)
OX
d2J
j *  =  ™  (6.5)
where is the Hessian Matrix [65], and A  is a symmetric matrix (see Appendix B.l). 
At the minimum point of J(x), = 0. Therefore, from Eqns. (6.4) and (6.5):
x +  = =  - f t 1 b  (6.6)
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Eqn. (6.6) gives the update rule for x, given A  and b. Rearranging Eqns. (6.4) and (6.5) 
and using the current parameter vector estimate x~ give:
A  =
b -
1 d2J
2 dx2 (6.7)
(6 .8 )
Combining Eqns. (6.6) with (6.7) and (6.8) forms the additive parameter update equa­
tion:
x+
- 2 A~1]
- r i " 1
2
d J \ T _ 
dx J
2Ax~
=  x - _ r i - r i f e Y
2 V c>x/ 
— x_ + T _1 a (6.9)
where
1  ( d J \ T 
a _  ~2 \dT)
and is calculated at the current parameter vector estimate x .
(6 .1 0 )
Therefore, the derivatives of J with respect to x at the current parameter vector es­
timate x“ is required. Prom Eqn. (6.2):
dJ_
dx
k
=  - 2 X fe z (/) “  h ( i ; x ))T iY (i)
j - 1
■ i<9h(j;x) 
dx
(6 .1 1 )
d 2 J
d x 2 X
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*  (6 -1 2 ) 
PH OX o x
3 =  1
where z =  z()), h =  h(J;x), IV =  N(j), and iV(j) =  N(j)T . In Eqn. (6.12), the second 
derivative of h(j;x) with respect to x is assumed to be very small and hence can be 
ignored [35].
Eqn. (6.9) is combined with Eqns. (6.11) and (6.12) to obtain:
/ k \ 1 k
x+  =  X ^ i7 ( j) r Ar(})_ 1 i7 ( j)  Y v U)Tn U)~1h U)
\ j = 1 /  3=1
—  x ~ + A ~ 1sl (6.13)
where v(j) is this innovation vector:
v(j) = z(i) - h(j;x) (6.14)
and H(j) is a Jacobian matrix:
M U )  =  ^  (6-15)
The matrix A  = EjLi 71 (j)TN(j)-1 H(j) is the state information matrix (inverse co- 
variance matrix) [35, 36, 52], and as such A  =  A T. This matrix A  is the inverse 
covariance of the output parameter vector, which will be required in the next Chapter 
when the results of several frames are used at once.
Eqn. (6.13) gives the Gauss-Newton additive update equation in terms of the Jacobian 
of h(j, x), the innovation vector v, and the covariance matrix of the observation noise 
N(j). The next step is the definition of the parameter vector x, the observation vector 
z(J), and the measurement function h(J;x), followed by the the calculation of H(j) 
and N(j).
6.1.1 Definition of Parameter Vector
There are 6 degrees of freedom in defining the rigid-body pose of an object - 3 rota­
tion and 3 translation. Once the coordinate frame has been chosen, the three degrees
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of freedom in stating the translation can be represented directly by three scalar val­
ues in the three respective coordinate directions. However, rotation representation is 
less straightforward. There are a variety of possible representations, each with their 
own drawbacks [63]. Two possible choices are 3 rotation angles (Euler Angles) and 
quarternions. Quarternions represent the 3 degrees of rotation using 4 parameters, 
and therefore have a single redundant parameter. Defining the Jacobian matrix with 
a redundant parameter in the parameter vector is more difficult, as an ambiguity is 
introduced. However, quarternions have no singularities present, and are commonly 
used in satellite attitude determination and control systems to define attitude [63]. 
Euler angles form a simpler Jacobian matrix, but introduce possible singularities for 
particular combinations of rotations.
As this work is initially intended for demonstration rather than for practical applica­
tions, the Euler angles have been adopted as the rotation representation. However, the 
conversion to quarternions should be made as part of possible future work.
The coordinate frame is the camera frame of reference, and hence the parameter vector 
is defined as:
x
LO
4>
K
tx
ty
t z
LO =
f  =
K =
tx =
ty =
tZ =
rotation about x — axis 
rotation about y — axis 
rotation about z — axis 
translation along x — axis 
translation along y — axis 
translation along z — axis
(6.16)
The initial parameter vectors are derived from the best three pose estimates of the 
previous chapter.
6.1.2 Definition of Observation Vector
In this case, the observation vector represents a point on the image plane. This point 
is formed from the intersection of two image lines. The previous chapter supplies the 
correspondence information that links the pair of image lines to a pair of model lines, 
and so the corresponding model intersection point can be found. The point of line 
intersections was chosen as the observed point, rather than the end-points of lines, as
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the line estimator is inherently more accurate at estimating the rho and theta value of 
a line.
The projection of a point on the target onto the image plane restricts the pose of the 
target to a greater degree than the projection of a target line. The projection of a 
single image point is a line that extends from the focal point of the camera away from 
the image plane, and the target point must exist somewhere along this locus. However, 
the projection of a single image line is a plane (the Interpretation Plane, Section 5.2), 
and hence there is an extra degree of ambiguity in estimating the target pose. The use 
of points rather than lines also simplifies the Jacobian derivations.
In some cases, the detected image lines do not intersect on the model - for example, the 
lines occur on different main-body faces, or all lines are vertical - in which case, points 
of intersection can be hard or impossible to find. In these cases, 110 Gauss-Newton 
minimisation can be performed based on point intersections.
Therefore, the observation vector is a two-dimensional vector containing the location 
of the point of intersection j on the image plane:
z ( j)  =
vf
(6.17)
where u, and v, are the horizontal and vertical components of the j point of intersect 
respectively. The d superscript indicates the image point is from image data, rather 
than projected from a model.
6.1.3 Definition of Measurement Function
The purpose of the measurement function h(j; x) is to use the parameter vector to 
calculate a predicted observation vector, which can be compared against the true ob­
servation vector z(j) to form the innovation vector vT(j). In this case, the parameter 
vector is used to form a projected 2D image point:
Un
h(i; x) (6.18)
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where the superscript m  indicates a projected model point, rather than an image data 
point. The perspective projection equations take the following form, using homogeneous 
coordinates:
Zpred — K [R , t]p
WUY So 0 fz
ivvj1 = yo fy 0
IV 1 0 0
r n  ri2 ri3 tx
T2l S22 1'23 ty
3^1 r32 r33 tz
X j
yj
Z3
i
(6.19)
where zpred is the homogeneous predicted observation vector, K  is the camera calibra­
tion parameter matrix (see Section 3.1.2.2 for more details), R  is the 3x3 rotation matrix 
formed by R  = R z (k) Ry(f) R z(lo) (see Section 5.2.1), t is the translation vector, and 
P (j) = [xj> Vj>zj]T is the jth model point.
Eqn. (6.19) can be expanded as follows:
wu:
wv„
w
so 0 f z rn xj  +  ru ijj +  ru zj +  tx
Vo fy  0 r2\Xj +  r22yj  +  r23Zj +  ty
1 0 0 J [ r3iXj +  r32yj +  r33Zj +  tz
fzirziXj  +  r32yj  +  r33Zj +  tz) +  zo(ru Xj +  ru yj  +  ru zj +  tx) 
f y (r2iXj +  r22y3 +  r23Zj +  ty) +  yo(rn Xj +  r12yj +  r13Zj +  tx) 
(n iX j  +  n 2yj +  r13Zj +  tx)
(6 .2 0 )
The homogeneous vector zpred can be converted to an image point by dividing by 
the final scalar value w, and from Eqn. (5.18), can be substituted for the relevant 
functions of lo, f  and k to give:
um = _______ fz{ (8<t>)Xj + {-cfsuffij  + (cfcu)zj + tz }________ + ^
3 {(CKCf)Xj + (CK sf SU) + S K  CU))yj +  (— CK sf CLU + SK SLo)Zj -f- tx }
fy{( — S K C f ) X j  +  ( —  S K  s f  SUJ +  CK CUjffij +  ( s K s f c L O  +  C K S U j ) z j +  ty }
3 {{cKcf)Xj +  (cK s f  SUJ +  SKCLo)yj +  (—CK sfcUJ +  SK SLo)Zj +  t x }
where coj= cos(uj), sco-sin(oj), etc.
(6.22)
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6.1.4 The Jacobian Matrix
The Jacobian matrix of h(j; x) can now be defined as follows:
d hQ 'jx)
8 x
d u ™
du)
d v ™
dio
d u m
~d§~
dv m
d u ™
dti
d v ™
d u
d u ™
d t x
d v f
d t x
d u ™  d u ™  
d t y  d t z 
d v ™  d v ™
dty dtz
(6.23)
where the individual differentials are obtained by differentiating Eqns. (6.21) and (6.22) 
with respect to cj, 4>, k ,  t x , t y i and t z .
6.2 Derivation of the Covariance Matrix
The last remaining item to be dealt with before the Update function of Eqn. (6.13) 
can be instantiated is the analysis and calculation of the Covariance function N(j). 
In this case, the observation vector z(j) is formed from the intersection of two lines. 
The covariance of each line is required before the covariance of the intersection can be 
calculated.
6.2.1 Covariance of a Line
Figure 6.1: Line-Dependent Coordinates
Figure 6.1 shows a series of edge points, with a fitted line of length L The mid-point 
of the fitted line is at point (x, y). The line can be expressed in terms of an x7, y7 
coordinate system, where x7 is aligned with the fitted line, and y7 is normal to the
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fitted line, originating at the midpoint of the line (x,y). The new equation of the line 
is therefore:
y' —  m!x' + k' 
m ‘ - 0,k' = 0
(6.24)
(6.25)
Prom [35, 36], the covariance matrix of such a line becomes:
( m' \ / 1 0 \
Cov -C T 2 P
\ k' ) V 0 1n /
(6.26)
where <r2 is the estimated noise level (usually chose to be ss 1 pixel), p —  ^ {distance of 
edge points from line centroid}2, and n is the number of edge points. It is assumed that 
the edge points are evenly distributed along the line, and are 1 pixel apart. Therefore:
»=0
where i is the pixel index, ie. the ith pixel. Using the following simplification:
(6.27)
E * !
i=0
Eqn. (6.27) can be re-written as:
n(n + l)(2n + 1) 
6
(6.28)
2 ( | ) ( 1 +  !) ( ; +  !)  
6
1(1 +  2)(l +  1 )
12
If I is large, p ss As the edge points are assumed to be 1 pixel apart, the length of 
the line is also approximately the number of edge points in the line, and hence n ss 
In effect, the covariance matrix in Eqn. (6.26) becomes:
(6.29)
Cov
f , \m 12tU 0SS <J
V V j 0 1n
(6.30)
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6.2.2 Transformation of Line Coordinates
Two lines will be dealt with at once to find the intersection point, and hence a trans­
formation is required to move from the line-dependent coordinates x7 and y1 to the 
general image coordinates x and y. This will enable both lines to be compared in the 
same coordinate system.
Figure 6.2: Conversion of Line Coordinates 
From Figure 6.2, the conversion of x7, y7 to x, y is a rotation by 0:
X
i
ttttT5
i
x' X= +
y l i v' y
c —s x1
+
X
s c yl y
where c = cos(<9) and s —  sin(<9). The end-points of the line in question is known in 
terms of image coordinates, and hence the angle 0 can be found directly from line data.
The inverse of Eqn. (6.31) can be used to derive m and k in terms of m' and k'\
x' f c — s \
-1 ( X X \
y' \ s c \ y y /
c s 
—s c
x  — X
y - y
(6.32)
=> x' — c(x — x) +  s(y — y) (6.33)
y' =  - s (x  -  x) +  c(y - y) (6.34)
Eqns. (6.33) and (6.34) are combined with y ' — m !x ' -{- k' to give:
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y' = m'x' +  k1
-s(x — x) + c(y — y) —  m'c(x — x) + m!s(y — y) +  k'
=+ y(c — m's) — x(m'c + 5) + aj(— s — m' c) + y(c — m! s) + k'
m!c +  s\ ( s + m'c_ _ k'
=» y = I  r ) ® + ---------r*'1' + v +\c — m'sj \ c — m's c — m ’s
hence, for 1/ =  m.r + fc,
m 'c +  5 /COClm —  —  (6.35)
c — m s
s +  m'c_ k'k - ----------x +  y j-------  (6.36)
c — m s  c — m's
Therefore, m  and k are known in terms of m 1 and k1. This is necessary, in order
to convert the covariance matrix from line-dependent coordinates to general image 
coordinates. For a function y =  / (x), the new covariance matrix is (to Is7 order):
< * * „ , ( £ f f l ) '
In this case, the covariance matrix for rn1 and k1 is known, and the covariance matrix 
for m  and k is desired. This first task is to calculate the Jacobian:
d m  c(c — m's) + 5(771+ + s)
(c — m's)2 
c2 — cm's +  cm's +  s2
dm1
d m
~dki
dk
dm1
dk
8k1
(c — m's)2 
c2 +  s2 
(c — m's)2 
1
(c — m's)2 
0
_ f— c(c — m's) — s(s + m'c) 
(c - m's)2 
— c2 — s2 + cm's — cm's
s/e'
— X
(c — m's)2
— x(c2 4- s2) -F s/e7 
(c — m's)2 
sk1 — x
+
(c — m's)2 
sk'
(c — m's)2
(c — m's)2 
1
c — m's
(6.38)
(6.39)
(6.40)
(6.41)
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d (m, k) dmdm'
icolco 1 1 0
d (m7, k1) dk
dm' i (c-
- m's)2 sk1 — x c — m's
Eqn. (6.42) can be simplified by noting that m! — k' — 0, and hence:
d (m, k) 1
d (m', k') c2
1  0
The new covariance matrix can now be found:
Cov
v k i
d (m, k) 
d (m7, k')
1 0
— x c
Cov ^  m !  ^ /  d ( m , k )  Y
v k> j  \d{m(k'))
a
12 1 1 0
(P — x c
a
3 - 471° C
o
12  0
-125 cn2
1 —x
0 c
3-4n°c
12 -125
-125 1252 + c2n2
6.2.3 Covariance of the Intersection of T w o  Lines
Two lines intersect at the same point (x,y):
y =  mix + ki 
y =  m 2x + k2
Taking Eqn. (6.46) from Eqn. (6.45) gives:
k2 — ki
x = -------
m  i — m 2
x (m i -  m 2) +  (k\ - k 2) =  0
(6.42)
(6.43)
(6.44)
(6.45)
(6.46)
(6.47)
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k2 — ki
=4> y  —  r r i i ------------------------------h k \
mi — m2
m\k2 — mill + Iimi — k\m2
m\ — m2
mik2 — m2ki
m% — m2
The desired Covariance matrix is in terms of the (x, y) point of intersection, 
than the parameters of the two lines. Therefore, using Eqn. (6.37),
Cov
\ y  J
d (x, y)
d (m i, k\,m2, k2)
Cov
' m i '
ki 
m2 
\ k 2 )
d(x,y)
d (mi,ki,m2,k2)
The partial differentials are as follows:
Therefore,
dx 
dmi 
dx 
dki 
dx 
dm2 
dx 
dfo 
dy  
d m\ 
dy 
dki 
dy  
dm2 
dy  
dk2
k2 — ki 
(m i -  m 2 )2
1  m2 — mi
mi — m 2 (mi — m 2)2
k2 — ki
(mi -  m2)2 
1 m i — m2
mi — m2 (mi — m2)2
k2(mi -  m 2) -  (mik2 -  m2ki) m2(kx -  k2)
(mi - m 2)2 
—m 2 m2(m2 — mi)
(mi — m 2) 2
m i — m 2 (m i — m 2) 2
- I i ( m i  -  m2) +  (mik2 -  m2k{) mi(k2 -  ki)
(mi — m 2)2 
__ m i (m i — m 2) 
m i — m 2 (m i — m 2 )2
(m i -  m 2) 2
m i
d(x,y)
d (mi,ki,m2,k2)
d x d x d x d x
d m i d k i d  rrii d  k i
d y d y d y d y
d  7711 d k i d m  2 d k 2
m i k 2 — k i
(mi -  m 2) 2
ki — k2 m2 —    mi — m2
m2(ki -  k2) m 2(m2 -mi) mi(k2 -  ki) mi(m\ -  m2)
(6.48)
rather
(6.49)
(6.50)
(6.51)
(6.52)
(6.53)
(6.54)
(6.55)
(6.56)
(6.57)
(6.58)
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The two sets of line parameters are assumed to be independent, and therefore the 
covariance matrix Cov(ml, kl, m2, k2) becomes:
Cov
 ^ mi ^ cr2
*1
n l cl
m 2
K k 2 )
12  — 1 2 ici
— 1 2 a;i 12x\ +  cfnf
0 n |c|
12
■12 * 2
■12 * 2
12.T2 + c2n2
(6.59)
Eqns. (6.58) and (6.59) represent the required components to form the new covariance 
matrix Covft, y) using Eqn. (6.49). Cov ft, y) represents the covariance matrix of the 
intersection point, and for a given jth intersection point {xj,yj), Cov(xj,yj) — N(j).
6.3 Results of Pose Estimation
Figures 6.3 and 6.4 give a summary of the results of 200 trials. Each trial complied with 
the assumptions stated in Section 4.2.1, so that the target boom was always less than 
30° from the camera vertical, and the main-box structure of the target was in view. To 
make sure of this, the target CoG was kept within the range of 6 to 9 metres along the 
x-axis, -20cm to 20cm along the y-axis, and -30cm to 30cm along the z-axis. Greater 
ranges would be acceptable, but for the purposes of testing, the variation of these 
ranges was judged sufficient, and made sure that all possible variations complied with 
the initial assumptions. The location of the Sun (the only source of light) was varied 
from an elevation of -30° to +30°, and the azimuth varied from 200° to 340°. Elevation 
was measured from the inspection satellite’s x-z plane, and azimuth was measured in 
the x-z plane, where +z=0, +x=90°, -x=270°, etc. Greater azimuth or elevation angles 
may result in a heavily shadowed target which may cause the failure of the current 
heuristics. This system is not currently designed to handle heavy shadows, which is a 
very difficult problem in it’s own right.
For each trial, the best pose estimate from the previous chapter is taken, along with 
the best Gauss-Newton result. The angle error quoted in Figure 6.3 is the angle of 
the Euler axis/angle method [63], which states that all rotations can be represented 
by a single rotation about a given rotation axis. This axis is the eigenvector of the
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H istogram : RawBM  Angle E rror -  16 fails out of 200
degrees
H istogram : G n P  Ang le E rro r -  50 fa ils out of 200
degrees
Figure 6.3: Comparison of Orientation Errors
H istogram : Raw BM  Ratio  Tran slatio n  Error -  16 fa ils out of 200
 1 1 1 1 1 1------
(RawBM = Raw Best-Match)
0.2 0.4 0.6 0.8 1.2 1.4
100
H istogram : G n P  Ratio T ran slatio n  Erro r ~ 50 fa ils out of 200
(GnP = Gauss-Newton, Point Intersections)
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7
Figure 6.4: Comparison of Translation Errors
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rotation matrix with a corresponding eigenvalue of 1. The rotation measured is the 
rotation from the estimated to the true target orientation. Quoting only the angle 
value ignores the effect of the axis of rotation, in order to easily represent the angle 
error. The rotation error could be represented by 3 rotation angles - however, the 
axis/angle method generally produces an angle that is greater in magnitude than any 
one of these 3 rotation angles, and was judged to contain sufficient information for the 
purposes of comparison and judgement. Displaying the 3 rotation angles was deemed 
to be inappropriate and unnecessary for these purposes.
The first pair of Histograms in Figure 6.3 gives a comparison of angle error between 
R a w B M  (Raw Best Match - the best result of the previous Chapter, with no Gauss- 
Newton minimisation) and GnP (Gauss-Newton minimisation using Intersection Points). 
As indicated in the title of each histogram, 16 out of 200 trails did not produce any 
R a w B M  results, while 50 out of 200 trails did not produce any GnP results. The 50 
failures to converge using Gauss-Newton include the 16 that failed to produce any res­
ult at all. Hence, it can be reasonably expected that only 3/4 of images will result in 
a Gauss-Newton convergence.
These failures to converge were mostly due to poor-quality inputs. If there were not 
enough sets of perpendicular image lines, then not enough intersection points could be 
found, resulting in a failure to converge. If most or all of the intersection points were 
co-linear, then a rotational ambiguity about this line also led to a convergence failure.
The median angle error for the R a w B M  histogram is 5.21°, while the median angle 
error for the GnP histogram is 4.61°. By inspection, the two distributions are quite 
similar, indicating that the Gauss-Newton procedure has not significantly improved the 
results of the previous Chapter.
The second pair of Histograms in Figure 6.4 gives a comparison of the the ratio of error 
in translation to true translation distance. The failures to find translation estimation 
are the same as for orientation estimation.
The ratio of translation error is shown, rather than the translation error itself, because 
translation error tends to increase with distance. As the distance to the target increases, 
small errors in the position of the lines will have a larger effect on the estimation of 
distance along the optical axis, and the majority of the translation in all cases is along 
the optical axis. Therefore, the error is scaled by the true distance to the target for
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each case, for the purposes of error analysis and comparison.
The median ratio translation error for R a w B M  is 0.0203, while the median for GnP 
is 0.0154. The average distance to the target during these trials is 7.5 metres, and 
therefore the two ratios correspond to approximately 15.2 cm and 11.6 cm error in 
translation estimation. There is a greater improvement between the two sets of trans­
lation results compared to the orientation results, possibly because orientation and 
translation is estimated simultaneously for Gauss-Newton
These results show that the Gauss-Newton minimisation employed here does not sig­
nificantly improve the orientation estimates produced by the previous chapter. This is 
partially due to the fact that a good selection of point intersections is often difficult to 
find, as each intersection requires two (usually perpendicular) lines that share a com­
mon point. However, the Gauss-Newton procedure does supply the inverse covariance 
(information) matrix A -1 of Eqn. (6.13), which provides statistical information of the 
output, and is required in the next chapter. Also, the outliers are fewer and less ex­
tensive with the Gauss-Newton results. Outliers from the R a w B M  set often failed to 
converge with Gauss-Newton. In such cases, no result is sometimes better than a result 
that is largely in error, as no result is the equivalent of ignoring a possible outlier.
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C h a p t e r  7
R e l a t i v e  O r b i t  D e t e r m i n a t i o n
The previous chapters have been aimed at extracting the pose and location of the 
target from a single image. The last chapter has given some results, showing the level 
of success achievable using simulated data of a known target.
The purpose of this chapter is to apply this technique to a particular problem - the 
estimation of the relative orbit parameters of a nearby target satellite. The motion 
of two nearby satellites in orbit is heavily constrained by orbit dynamics, and can be 
modelled using Hill’s Equations (see below). According to the model, if the target’s 
relative position and velocity (6 parameters in total) are known at some point in time, 
this can be used to predict the relative position and velocity of the target at any given 
time. A single image can estimate the location of the target, and if the time between 
frames is known, then two or more estimates of location can be used to estimate the 
velocity. These position and velocity measurements can be filtered to match a possible 
orbit. When enough images have been taken, then the current filtered position and 
velocity estimates can be used to estimate the future motion of the target.
Target motion prediction gives an inspection satellite knowledge of the target motion for 
collision avoidance purposes, and also allows safe motion about the target to be planned 
and executed. This will enable a variety of missions, from passive inspection and close- 
range formation flying to active construction, repair, and replenishment missions.
This chapter begins with a derivation of Hill’s equations and the conversion to an 
update equation, and then applies this to a basic Kalman filter. The chapter concludes 
with some examples and simulation results.
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7.1 Hill’s Equations
The purpose of this section is to derive Hill’s Equations to take into account the chosen 
coordinate system, which may differ in notation with other representations. The ma­
terial presented here is adapted from [66, 9]. Before the derivation commences, some 
notation is required, which is similar to the notation used in [66].
7.1.1 Velocity and Acceleration of Vectors in a Rotating Frame
Figure 7.1 below shows two coordinate systems, where the Si, s2 coordinate frame is 
rotating about the fixed (inertial) coordinate frame ii, i2 by cj rad/s-1:
Figure 7.1: Rotating Coordinate System
The rotation of the si, s2 coordinate frame can be expressed as a vector cjS1, with a 
magnitude equal to the angular velocity cj and a direction parallel to the rotation axis, 
in a right-handed rotation sense:
CJS1 =  CJS3 (7.1)
where the s-coordinate system form a right-handed orthogonal set, and hence S3 points 
out of the page towards the reader. Note that cjs1 is a vector (as opposed to the scalar 
cj) which represents the rotation of the s-coordinate system about the i coordinate 
system.
The differential of the vector r in Figure 7.1 can be represented as follows [66]:
1d  Sd si_ r = _ r  +  w  X l . ( 7 .2 )
where the superscript i or s above the differentials represents a differential in that 
particular coordinate frame. The differential represents a velocity vector in the 
inertial frame of reference.
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The system in Figure 7.2 shows a right-handed orthogonal coordinate system s rotating 
about vector cosl and translated from the i coordinate origin by vector tq.
Figure 7.2: Extended Rotating Coordinate System
Using Eqn. (7.2), the differential of (ro +  r) with respect to the i coordinate system 
(the velocity vector) becomes:
xd.
T M  + r) =
'ld xd
Ttr°
+
dt
ld sd
diV0+ dt (7.3)
The second differential of (ro + r) with respect to the i coordinate system (the acceler­
ation vector) is found by applying Eqn. (7.2) to Eqn. (7.3):
xd2
dW{ro +  T)
{d2
+
id2
dt2ro dt2
r
{d2
1*0 + ']d
(*d
dt2 dt [dt
ld2 sd ( sd
dt2ro + dt *[dt
id2 sd2
dt2ro + dt2
r +
r + w x r
si (sd si- u>1 x — r +  co x 
\dt
ft w si x r +  2cjsi x ftp +  ft x f t  x r) (7.4) 
dt dt
The (2o;sl x jft) term in Eqn. (7.4) is lcnown as the Coriolis acceleration, while the 
(wsl x (u)sl x r)) term is known as the Centripetal acceleration.
7.1.2 Acceleration due to Gravity &; Orbital M e a n  Motion
The acceleration due to gravity, aff, is given by:
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(7.5)
where p — G(mi + 7712), G  is the gravitational constant and mi and m 2 are the masses 
of two bodies, r is the vector from the centre of mi to m 2) r —  ||r||, and r is a unity 
vector in the direction of r.
The orbital Mean Motion is given by [66]:
where ro is the radius of a circular orbit, and w is the angular frequency of the orbit.
7.1.3 Local Coordinates vs. Inertial Coordinates
Figure 7.3 below shows the local coordinate frame and the inertial frame of reference. 
The Earth is the only mass considered other than the inspection and target satellite, 
and hence the inertial frame is fixed at the centre of the Earth. This assumption is 
reasonable, as the orbit of the target and inspection satellite is assumed to be relatively 
close to the Earth’s surface. The effect of all other massive bodies is negligible compared 
to the effect of the Earth, and can therefore be ignored. Factors such as the oblateness 
of the Earth are also ignored in this derivation.
The effect of relative air drag is also ignored, although this can have a potentially large 
effect on the relative positions within the time frame considered. Although beyond the 
scope of this work, this effect could be modelled as a constant force in the in-track 
(x-axis) direction.
The local coordinate frame, marked by x, y and z vectors originate at the inspection 
satellite’s Centre of Gravity (CoG). The x vector is aligned with the orbit track, where 
-Fx points in the direction of motion. The y vector is radial, and points away from the 
centre of the Earth. The local coordinate frame is a right-handed orthogonal set, and 
therefore the third vector z points into the page away from the reader.
The point (x,y,z) marks the r vector in local coordinates, which indicates the location 
of the target’s CoG. The vector ro (magnitude ro = ||i’oll) is the vector from the inertial
(7.6)
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(x,y,z)
Figure 7.3: Coordinate System (in-plane)
to the local coordinate frame. The local coordinate frame rotates about the Earth at 
a rate of to rad/s-1.
7.1.4 Derivation of Hill’s Equations
The notation is now in place to present the derivation of Hill’s Equations, also known 
as the Clohessy-Wiltshire Equations [9]. The vector r and its derivatives are written 
as:
r =  xx. +  yy +  zz (7.7)
sd— r =  xx +  yy +  zz (7.8)
sd2
-j-pY =  x x + y y + z  z (7.9)
where x ~  x =  and x is a unity vector in the direction of vector x. The 
rotation vector is described as:
LO =  — LO Z
— CJS1 -  0
dt
(7.10)
(7.11)
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It is assumed that the orbit of the inspection satellite does not change significantly, and 
therefore the magnitude of the vector ro, ?*o, is fixed, such that:
ro =  r0y (7.12)
*d sd2
-  S t *  =  S F *  =  °  ^
As both ro and r are expressed in terms of the local coordinates, the acceleration of 
the combined vectors with respect to the inertial frame becomes:
'ld2 . . ( ld2 \ (''d2
(ro+r) =  -rt>r0 +  —
dt2 \ dt2 ) \ dt2
^ r 0 +  ^ cusi x r0 + 2cnsi x ^ r 0 + cnsi x (w“ x r0) ] +
- i r  +  -^ -ojs1 xr +  2wSI x — r +  u/sl x (cnsl x r) I (7.14) 
dt2 dt dt
Using Eqns (7.11) and (7.13), Eqn. (7.14) becomes:
i-(ro + r) — u>sl x (u/sl x r0) + -ir + 2o/sl x - i  + u/sl x (u>sl x r) (7.15) ar ar dt
The individual terms of Eqn. (7.15) are as follows:
, ,S1 „OJ X l Q
X  y z
0 0 —oj
0 ro 0
= ro x (7.16)
u)sl x (u;sl x ro) = a>sl x (a>rox) =
x y z  
0 0 — o j
wro 0 0
=  -u>2r0 y (7.17)
sd2wsl x —  r 
dt
=  2
x y z
0 0 — to
x  y  z
=  k ( 2 o j y ) + y ( - 2 o j x )  (7.18)
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co x r =
x y z
0 0 — lo
x y z
= x(uoy) + y ( - lo x)
= >  LUS1 x (losi x r) — oosl x
0
=  x ( - c o 2x ) +  y ( - c o 2y) 
Eqns. (7.16-7.20) are used to expand Eqn. (7.15):
coy X y z
— co X = 0 0 — LO
coy — uox 0
(7.19)
(7.20)
id2
dC
(r0 +  r) =  y ( —co2 ro) +  x(x) +  y(y) +  z (z) +
x(2 coy) +  y(-2 uox) +  x(-uo2x) +  y ( -u o 2y)
— x ( x  +  2 uoy — lo2x ) +
y(— oo2 r0 + y 
z (z)
2oo x LO ly) +
(7.21)
7.1.4.1 Simplification of the Equation for Acceleration due to Gravity
Eqn. (7.21) is the equation for the acceleration of the inspection satellite’s CoG with 
respect to the local coordinate frame. This equation is equal to the acceleration due to 
gravity:
f t r o + r )  = a9
=  f t ) + o + r )  (7-22)
where r — ||r|| = J x 2 +  y2 + z2. The equation for a5 is made more complicated by the 
inclusion of the two unrelated vectors ro and r. This equation for the acceleration due 
gravity can be expanded as follows:
a„ -
(r0 +  r )3(ro + r)
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-g(x(x) + y (r0 +y) +  z(z))
((ro + y)2 +  x2 +  z2)3F  
~fji(x(x) + y(rp + y) + z(z))
(7*0 + 2?*oy + y2 + x2 + z2)372 
— fi (x(x) + y(rQ +y) + z(z))
*"o(1 + ?  + 4 + 4  + 4 )3/2Ov r 0 rg fe r \ )
n (x(a?) + y(r0 + y) + z(fe)
r O fe +  &  +  2d +  *1 +  4 ) 3/2 V ro fe fe fe J
(
Eqn. (7.23) can be reduced by noting that:
( i + +
=  ( !  +  z ) £
r=0 v r i
n(n +  l) 2 
l — nz +  — — ;— -z
Z: 3!
where
(— n)\ —  ( — 77.) * (— n — 1) * (— n — 2) * 
=  —(tt) * —(ti +  1 ) * —(n +  2 ) *
( - 7 7 ) !  ( - 7 7 ) !
(  \—71
\ V /
(7.25)
((— 77)— r)!r! (— (77 +  r))!r!
— (77) * — (n + 1) * • • • * —(77 + r — 1) * —(77 + r) * — (n + r + 1) * 
—(77 + r) * —(77 + r + 1) * * - • * fe 
— (77) * —(77 + !.)*•••* —(77 + r — 1) 
fe
(7.26)
r i f e
r i f e
V 1J 
r i f e
v r i
= 1,
=  -77,
77(?7 +  1 )  __
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I f  z  <C 1, te rm s  o f  z 2  o r  g re a te r  c a n  b e  ig n o re d , a n d  E q n . (7 .2 4 )  c a n  b e  re d u c e d  to:
1 -  n z  ( 7 .2 7 )
(1  +  z ) n
A p p ly in g  E q n .  (7 .2 7 )  to  th e  s eco n d  p a r t  o f  th e  d e n o m in a to r  o f  E q n .  ( 7 .2 3 )  g ives:
( l  +  % L  , y l  i * 3 » z 2 \ 3 / 2  (1  +  z f / 2
I 1 +  ro +  r g +  7^ +  7 1 )
3 / 2 V  , y f  , a ?  ,
2 \ r o  r l  r l  r l
I f  th e  2 n d  o rd e r  te r m s  in  x , y  a n d  z  a re  ig n o re d , E q n .  (7 .2 8 )  b ec o m e s :
T h e re fo r e ,  th e  e q u a t io n  fo r  a c c e le r a t io n  c a n  b e  a p p r o x im a te d  as fo llo w s :
~ ~ r |  ( 1 “  7 7  )  +  ^ r °  +  ^  +
(7 .2 8 )
3/2  «  1 “ “  (7 .2 9 )
~  ” 4  ( '■k ( x  -  ~ ^ )  +  y ( r o +  y  “  3 y  -  — ) +  z ( z  -  — ■ )  ] ( 7 .3 0 )
**§ \  r0 r 0 r 0
A g a in ,  th e  2 n d  o rd e r  te rm s  a re  ig n o re d  (a s s u m e d  to  b e  in s ig n if ic a n t ly  s m a ll) ,  w h ic h  
gives:
a5 ~  “ 4  ( * ( - T )  +  y ( r o - 2 y)  +  z(z))  
ro
~  - w 2 ( x ( a )  +  y ( r 0 -  2 y )  +  z ( z ) )  ( 7 .3 1 )
w h e r e  o j  is th e  o r b it a l  M e a n  M o t io n ,  E q n . (7 .6 ) .  T h e r e fo r e , E q n .  (7 .2 2 )  c a n  n o w  b e  
c o m p le te d :
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x ( x  - f  2 c o  y  —  u f i x )
= >  y ( - u ) 2 r o  +  j )  -  2 u ) x  -  u ) 2 y )  
z ft)
x ( — O J 2 x )
y ( - u 2 r 0  +  2 t o 2 y )  (7 .3 2 )
z ( — lu2 z )
T h e  f in a l  H i l l ’s E q u a t io n s  a re  fo u n d  b y  e q u a t in g  eac h  c o o rd in a te  v e c to r  d ire c tio n :
th e  o u t -o f -p la n e  m o t io n  ( z ) c a n  b e  m o d e lle d  b y  s im p le  h a r m o n ic  m o t io n .
7 . 1 . 5  D e r i v a t i o n  o f  H i l l ’ s E q u a t i o n  U p d a t e  M a t r i x
H i l l ’s E q u a t io n s  g iv e n  a b o v e  a re  n o t  in  a  fo r m  t h a t  c a n  b e  e a s ily  u sed . T h e y  m u s t b e  
re a r ra n g e d  to  fo r m  a  s in g le  u p d a te  m a t r ix  fo r  a  g iv e n  t im e  in te r v a l ,  so t h a t  th e  p o s it io n  
a n d  v e lo c ity  c a n  b e  e a s ily  u p d a te d  to  fo r m  n e w  p o s it io n  a n d  v e lo c ity  p a r a m e te rs . T h e  
fo l lo w in g  s u b -s e c tio n  d e a ls  w i t h  th e  d e r iv a t io n  o f  th is  u p d a te  m a t r ix .
I n  o rd e r  to  f in d  th e  u p d a te  m a t r ix ,  th e  v a lu e s  fo r  v e lo c ity  a n d  p o s it io n  a t  t im e  t n  
m u s t b e  fo u n d  f r o m  th e  v e lo c ity  a n d  p o s it io n  a t  t im e  £n _ i ,  w h e re  A t  =  t n  —  t n - i -  
T h e re fo r e ,  th e  p re v io u s  p o s it io n  m e a s u re m e n ts  a re  x ( t n - 1 ) ,  y ( t n - 1 ) ,  a n d  z ( t n- \ ) ,  w h i le  
th e  p re v io u s  v e lo c ity  m e a s u re m e n ts  a re  x ( t n - 1 ) ,  y ( t n - i ) ,  a n d  z ( t n - 1 ) .
7 . 1 . 5 . 1  U p d a t e  E q u a t i o n s  f o r  y  a n d  y
E q n . (7 .3 3 )  is in te g r a te d  to  g ive :
where c is the constant of integration. Eqn. (7.36) is combined with Eqn. (7.34) to give:
x  +  2 u o y  —  0
y  — 2 a; re — 3co 2 y  —  0
z - \ - u 2 z  — 0
(7 .3 3 )
(7 .3 4 )
(7 .3 5 )
H e n c e  i t  c a n  b e  seen  t h a t  th e  in - t r a c k  ( x )  a n d  r a d ia l  ( y )  m o tio n s  a re  c o u p le d , w h i le
x  +  2 c o y  =  c x  —  c  —  2co y (7 .3 6 )
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y  — 2u>(c — 2 c o y )  —  3 u > 2 y  —  0  
=> y  +  c o 2 y  =  2 w c (7 .3 7 )
T h e  s o lu tio n  to  a  s e c o n d -o rd e r  d if fe r e n t ia l  e q u a t io n  s im ila r  to  E q n  (7 .3 7 )  tak e s  th e  
fo l lo w in g  fo rm :
=  - L 02 y ( t n )  +  2a; c = >  y ( t n ) +  c u 2 y ( t n )  =  2 loc
w h e re  a  a n d  b  a re  s c a la rs , a n d  c is th e  c o n s ta n t  o f  in te g r a t io n  f r o m  E q n .  ( 7 .3 6 ) .  U s in g  
E q n . ( 7 .3 8 ) ,  a n d  g iv e n  t h a t  t n  =  i n _ i  +  A t :
y ( t n ) -  y ( t n - 1 ) =  a  {c o s (o J t n )  -  c o s (o ;/n _ 1) }  +  b  { s in ( w t n )  -  s in (w tn _ i ) }
=  a  {c o s (a ; tn _ i  +  u A t )  —  c o s (a + n _ i ) }  - f
w h e re  p  a n d  q  a re  s c a la rs . I n  E q n s . (7 .4 1 )  a n d  (7 .4 2 ) ,  p  =  c o t n - i  a n d  q  =  w A t .  T h is  is 
u se d  w i t h  E q n . (7 .4 0 )  to  g ive :
y ( t n )  =  a c o s ( u o t n )  +  6 s in (o ;£ n ) 4------- (7 .3 8 )
(7 .3 9 )i/{tn) =  —a; a s in ( o ; £ „ ) -f a; 6 c o s (o ;tn ) 
=+ y ( t n )  —  — o J 2 a c o s ( L o t n ) — w 2 b s ' m ( c o t n )
b { s m ( u > t n - i  + u ) A t )  — s in (a ;tn _ i ) } (7 .4 0 )
T h e  fo llo w in g  id e n t it ie s  a re  re q u ir e d :
c o s (p  +  q )  — c o s p  =  c o s p c o s q  —  s in p  s in g  — c o s p
— c o s p ( l  — cos q )  — s in p  s in g (7 .4 1 )
s in (p  - f  q )  — s in p  =  s in  p  cos q  +  cos p  s in  q  —  s in p
s i n p ( l  — c o s g ) +  cos p  s in g (7 .4 2 )
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y ( t n )  — y ( t n - i )  =  a  { — c o s ( w £ „ _ i ) ( l  — c o s (c jA t ) )  -  s in ( c j t y _ i )  s in ( c jA f ) }  +
b  { —  s in (c j£ n _ i ) ( l  — c o s ( w A i ) )  +  cos(cj£n _ i )  s in ( c jA i ) }
— —(1 — cos(cjA£)){o,cos(cj£n_i) + 6sin(a;£n_i)} +
s i n ( c j A i ) { —a s in ( w t n _ i )  +  6 co s (c j£n _ i ) }  (7 .4 3 )
U s in g  E q n s , (7 .3 8 )  a n d  (7 .3 9 ) ,  th is  b eco m es:
y ( t n )  -  y ( t n - 1 ) =  - ( 1  -  c o s (c jA t ) )  | y ( £ n _ i )  -  +  s in ( c jA i )  | ~ ? / ( t y _ i ) |
(7 .4 4 )
F r o m  E q n .  (7 .3 6 ) :
2c  2
c =  ® ( £ „ _ i )  +  2 u > y ( t n - i )  = > --------= ---------® (£n - i )  -  4 y ( t n - i )  (7 .4 5 )
C J  C J
E q n . (7 .4 5 )  a p p lie d  to  E q n .  ( 7 .4 4 )  g ives:
y i f n )  =  - ( l - c o s ( c j A i ) )  jj/(£„_i) -  ~ x ( t n - i )  - 4 ? / ( £ n _ i ) |  +
s in ( c jA t )  | i y ( t n _ i ) |  +  y ( t n - 1 )
=  y ( t n - i )  { 1  +  3 (1  -  c o s ( c jA t ) ) }  +
V (tn-1 ) s in ( c jA £ ) |  +
x  ( t n - i )  | “ (1  ~  c o s ( c j A £ ) ) |  (7 .4 6 )
T h e re fo r e ,  th e  c u r re n t  p o s it io n  y ( t n )  is  g iv e n  in  te rm s  o f  th e  p re v io u s  p o s it io n  a n d  
v e lo c ity  m e a s u re m e n ts , as w e ll  as th e  t im e  in c r e m e n t  a n d  th e  o r b it a l  m e a n  m o t io n  c j .
A  s im ila r  p ro c e d u re  is u sed  to  f in d  th e  c u r r e n t  v e lo c ity  y ( t n ) ,  u s in g  E q n .  (7 .3 9 ) :
y ( t n ) - y ( t n - 1 ) =  —C ja { s in (c j£ n ) -  s in (c j£ n _ i ) }  4 -  c j  b  {c o s (c j£ n ) -  cos(cj£n _ _ i)}
(7.47)
93
Chapter 7. Relative Orbit Determination
R e a p p ly in g  E q n s . ( 7 .4 1 )  a n d  (7 .4 2 ) :
y ( t n )  —  i / ( t n - i ) =  — c o  a  { — s in (a + n _ i ) ( l  — c o s (o /A t ) )  H- co s (u /tn _ i )  s in (u > A t ) }
+ o j  b  { — c o s (a + n _ i ) ( l  — c o s (u /A t ) )  — s in (u /tn _ i )  s in ( u /A t ) }
=  — (1  — c o s ( c o A t ) ) { — L u a  s in (a + n _ i )  - j - t o b  c o s (u /tn _ i ) }
—u > s in (u /A t)  { a  c o s (u /tn _ i )  +  b  s in (a ;tn _ i ) }
-  - ( 1  -  c o s (u ? A t)) { y ( t n - 1 ) }
- u > s in ( u ; A t )  j i / ( t n _ i )  -  (7 .4 8 )
E q n . (7 .4 5 )  a p p lie d  to  E q n .  (7 .4 8 )  g ives:
y [ t n )  -  (1  -  (1  -  cos (a; A t ) ) )  { y ( t „ _  i ) }
— t o  s in (a > A t)  j ? / ( t n - i )  ~  - x ( t n - i )  ~  4 y ( t n - i )  j  
=  y(tn-1) { 3 a > s in (u > A t ) ) }  +  
y  ( i n - 1 )  ( c o s ( w A t ) }  +
x  ( t n - i )  { 2 s i n ( w A t ) ) }  (7 .4 9 )
g iv in g  th e  c u r r e n t  v e lo c ity  y ( t n - 1 ) in  te r m s  o f  th e  p re v io u s  p o s it io n  a n d  v e lo c ity  m e a s ­
u re m e n ts , as w e l l  as th e  t im e  in c r e m e n t  a n d  th e  o r b i t a l  m e a n  m o t io n  lo.
7 . 1 . 5 . 2  U p d a t e  E q u a t i o n s  f o r  x  a n d  x
P r o m  E q n .  ( 7 .3 6 ) ,
x ( t n ) ~ x ( t n - 1 ) -  - 2 l o  ( y ( t n )  -  y ( t n - i ) }  ( 7 .5 0 )
y ( t n ) — y ( t n - 1 ) h a s  a lr e a d y  b e e n  s o lv e d  in  E q n .  (7 .4 6 ) :
x ( t n )  =  - 2 t o  y ( t n - 1 ) { 1  +  3 (1  -  c o s (o /A t ) )  -  1 }  +
- 2 LO y ( t n - 1 ) |  i  s in (u > A i)  j  +
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f  2—2co i) < —(1 — cosftAt)) + 1
y ( t n - i )  { — 6 u > (l -  c o s f t A t ) ) }  +  
y  ( t n _ i )  { - 2 s i n ( w A t ) }  +  
x  ( t n - i )  { 1  -  4 (1  -  c o s (c u A t ) )} (7 .5 1 )
C o m b in in g  E q n s . (7 .3 6 )  a n d  (7 .3 8 ) :
x ( t n )  =  c -  2 u )  y { t n )
=  — 2 lo a c o s (c u tn ) — 2co b  sin(cotn ) — 3c
+> x ( t n )  =  —2 a s in (u ; tn ) +  2 6 c o s (w tn ) — 3 c t n +  cf (7 .5 2 )
w h e re  d  is a  c o n s ta n t  o f  in te g r a t io n .  H e n c e :
x ( t n )  -  x ( t n - i )  =  - 2 a  {s in (c u tn ) -  s in (o ;tn _ i ) }
+  2 6 {e o s (u ; tn ) -  cos(cntn _ i ) }  -  3 c ( tn -  t n - i )
— —2 a  { s in (u ; in _ i  +  c o A t )  —  s in (u>tn_ i ) }
+  2 b  {c o s (u r in _ i  +  a; A t )  — cos(a>tn _ i ) }  — 3 c A t  (7 .5 3 )
A p p ly in g  E q n s . (7 .4 1 )  a n d  (7 .4 2 ) :
x ( t n )  —  x ( t n - 1 ) =  —2 a  { — s in (a ;tn _ i ) ( l  — c o s (a ;A t ) )  +  co s (a ;tn _ i )  s in (a > A t) }
+ 2 6  { — cos(a>tn _ i ) ( l  — c o s (a ;A t ) )  — s in (ca tn _ i )  s i n f t A t ) }
— 3c A t  
2
 (1  — c o s ( w A t ) )  { — c a a s in (a j tn _ i )  +  ca&cos(cutn _ i ) }
LO
— 2 s i n © A t )  { a c o s (w t n _ i )  +  6 s in (a ; tn _ i ) }  — 3 c A t
- - ( 1  -  c o s ( w A t ) )  { y ( t n - i ) }
LO
f :
—2sin(u;At) < y ( t n - 1 ) —  — 3cAt
2
 (1  -  cos (a; A t ) )  { p ( t n _ i ) }
c o
- 2  s i n © A t )  { y ( t n - 1 ) }
(7 .5 4 )
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F ro m  E q n .  (7 .3 6 ) ,  c — x ( t n „ 1 ) +  2 u n /(tn _ i ) :
x ( t n )  -  - - ( 1  -  c o s ( w A t ) )  { y ( * „ —i ) }  
t o
— 2 s in (u ;A t )  { j / ( i „ - i ) }
2
+«(+-!) (7 .5 5 )
=F x ( t n )  — a ;(tn _ 4 ) -f-
f / ( t n _ i )  { - - 6 u / A i  +  6 s in ( u /A t ) }  +  
Y ( i n - i )  { “ “ C1 ~  c o s (c n A t))  J ( 7 .5 6 )
T h e re fo r e ,  b o t h  x ( t n ) a n d  x ( t n )  a re  g iv e n  in  te r m s  o f  p re v io u s  p o s it io n  a n d  v e lo c ity  
v a lu e s  (as  w e l l  as th e  t im e  in te r v a l  a n d  th e  o r b i t a l  m e a n  m o t io n ) .
7 . 1 . 5 . 3  U p d a t e  E q u a t i o n s  f o r  z  a n d  i
T h e  o u t -o f -p la n e  m o t io n  is in d e p e n d e n t  o f  th e  r a d ia l  a n d  in - t r a c k  v a lu e s , a n d  h en c e  
th e  c u r r e n t  v a lu e s  a re  o n ly  d e p e n d e n t  o n  p re v io u s  o u t -o f -p la n e  p o s it io n  a n d  v e lo c ity  
v a lu e s . T h e  s o lu t io n  o f  th e  d if fe r e n t ia l  e q u a t io n  o f  E q n .  (7 .3 5 )  is g iv e n  as:
z { t n )  =  a  c o s ( c o t n  —  o o t o )
= >  z ( t n )  — — c o a s ' m ( u j t n  — i n t o )
(7 .5 7 )
(7 .5 8 )
fo r  s o m e  in i t ia l is a t io n  t im e  to* E q n . (7 .5 7 )  c a n  b e  e x p a n d e d  as fo llo w s :
z ( t n )  =  a c o s ( c o ( t n  — + ) )
=  a c o s ( w ( t „  -  t n _ i  +  t n _ i  -  to ) )  
— a  c o s (w (A t  +  t n _  i  — to ) ) (7.59)
Using the identity
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cos ( p  +  q )  —  cos (p )  c o s fe ) — s in (p )  s in (g )  (7 .6 0 )
w h e re  p  —  t o  A t  a n d  q  =  c j(£ n _ i  — t o ) ,  E q n .  (7 .5 9 )  c a n  b e  w r i t t e n  as:
z ( t n )  ~  a  c o s ( tu A f)  cos (c j(£ n _ i  — to ) )  — cl s in (u > A £) s in (o ;(£ n _ i  — t o ) )
=  z ( t n - 1 ) ( c o s (w A £ ) }  +
, ,  . ( s in h n A t )  1
z ( t n - 1) |  \  (7 .6 1 )
E q n . ( 7 .5 8 )  c a n  a lso  b e  e x p a n d e d , as fo llo w s :
z ( t n )  —  —c ja s in (c j tn — cj£o)
=  - w a  s in (c j(£ n -  t n - i  +  t n - i  -  t o ) )
=  — w a  s m ( u ? ( A t  +  t n - i  —  t o ) )  (7 .6 2 )
U s in g  th e  id e n t i t y
s in (p  +  q )  =  s in (p )  cos ( q )  +  c o s (p ) s in (g )  (7 .6 3 )
w h e r e  p  —  to A t  a n d  q  =  u>(tn- i  —  to) as b e fo re , E q n .  (7 .6 2 )  c a n  b e  w r i t t e n  as:
z ( t n )  —  — c ja s in ( c jA i )  co s (c j(£ n _ i  — t o ) )  —  c o a  c o s ( c j A t )  s in (c j(£ n _ i  — io ) )
=  z ( t n - i )  { —c j s i n ( t j A t ) }  +
z ( t n - 1 ) { c o s ( c jA t ) }  (7 .6 4 )
H e n c e , th e  p o s it io n  a n d  v e lo c ity  o f  z  is g iv e n  b y  th e  p re v io u s  p o s it io n  a n d  v e lo c it ie s ,  
as w e ll  as th e  t im e  in c r e m e n t  a n d  th e  o r b i t a l  m e a n  m o t io n .
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7 . 1 . 6  U p d a t e  M a t r i x  f o r  H i l l ’ s E q u a t i o n s
U s in g  E q n s . ( 7 .4 6 ) ,  ( 7 .4 9 ) ,  ( 7 .5 1 ) ,  ( 7 .5 6 ) ,  (7 .6 1 )  a n d  (7 .6 4 ) ,  th e  f in a l  U p d a t e  M a t r ix  
c a n  b e  g iv e n  as:
xn Xn—1
Xn Xn- 1
Un <1ft(ftII Vn—1
Vn Vn— 1
%n zn—1
Sn f t —1
W h e r e  x n  —  x ( t n ) : a n d  4>(tu, A t )  is a  6 x 6  m a t r ix  g iv e n  b y:
J ( 1  -  c o s ( w A i) )1 — 3 A i  +  /  s i n f t A t )  
0  — 3 +  4 c o s (o ;A t )
0 ^ ( 1  — c o s (a ;A  t ) )
0 2 s in (o ; A t )
0  0
0 0
— Q u o  A t  +  6 s in (a ; A t )  
— 6a; +  6a; cos (a; A t )  
4  — 3 c o s (a ;A t )
3a; s in (a ;A t )
0 
0
—2 s in ( a ;A t )
h  s in (w A i )
c o s (a ;A t)
0
0
(7 .6 5 )
c o s (a ;A t)  ^  s in (a ;A t )  
-a; s in (a ;A t )  c o s (a ;A t)
(7 .6 6 )
7.2 Kalman Filtering
T h is  s e c tio n  d es c rib e s  th e  fo r m  o f  th e  K a lm a n  f i l t e r  u sed , a d a p te d  f r o m  [6], a n d  g ives  
th e  p a r a m e te rs  u sed  in  c re a t in g  th e  f i l t e r .
7 . 2 . 1  N o t a t i o n  U s e d
T h e  u p d a te  is a s s u m e d  to  b e  a  r a n d o m  p ro ce s s , m o d e lle d  as fo llo w s :
1 —1 $ n Xn +  W n (7 .6 7 )
w h e re  x n is th e  s ta te  v e c to r  a t  t im e  t n , is th e  u p d a te  m a t r ix ,  a n d  w n  is th e  s ta te  
t r a n s i t io n  n o is e  v e c to r  w i t h  k n o w n  c o v a r ia n c e  m a t r ix  Q n .
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T h e  o b s e rv a t io n  p ro cess  is m e a s u re d  as fo llo w s :
z n  =  H n x n  +  v n  (7 .6 8 )
w h e re  z n  is th e  m e a s u re m e n t  v e c to r , H n  is th e  id e a l  (n o ise less ) m a p p in g  f ro m  th e  s ta te  
v e c to r  x n to  th e  m e a s u re m e n t  space , a n d  v n is th e  m e a s u re m e n t n o ise  v e c to r  w i t h  
k n o w n  c o v a r ia n c e  N n .
T h e  i n i t i a l  e s t im a te  o f  th e  s ta te  v e c to r  a t  t im e  t n  is g iv e n  b y  x “ , w h e r e  th e  s u p e rs c r ip t  
m in u s -s ig n  in d ic a te s  t h a t  th e  e s t im a te  h as  n o t  y e t  b e e n  u p d a te d . T h e  e s t im a t io n  e r r o r  
is  g iv e n  as
e “  =  x n  -  X "  (7 .6 9 )
w i t h  a n  a s s o c ia te d  e r r o r  c o v a r ia n c e  m a t r ix  P f .
7 . 2 , 2  A l t e r n a t e  f o r m  o f  t h e  D i s c r e t e  K a l m a n  F i l t e r
T h e  cho sen  fo r m  o f  th e  D is c re te  K a lm a n  f i l t e r  is th e  b as ic  a l te r n a te  fo r m  as d e s c r ib e d  
in  [6]. T h e  i t e r a t iv e  lo o p  b e g in s  w i t h  a n  e s t im a te d  in i t i a l  in v e rs e  e r r o r  c o v a r ia n c e  m a t r ix  
( P 0~ ) - 1  a n d  a n  in i t i a l  e s t im a te  o f  th e  s ta te  v e c to r  x f r .
T h e  I t e r a t iv e  lo o p  is as fo llo w s :
1. T h e  n e w  e s t im a te  fo r  th e  c u r r e n t  in v e rs e  e r r o r  c o v a ria n c e , P ~  is c a lc u la te d :
p r 1  =  ( p r r 1 +jN( 7 .70)
2 . T h e  K a lm a n  g a in  K n  is c a lc u la te d , (w h ic h  re q u ire s  P f l  to  b e  in v e r te d ) :
K n  =  P n H l N ~ l  ( 7 .7 1 )
3. T h e  e s t im a te  fo r  th e  c u r r e n t  s ta te  v e c to r  is u p d a te d , u s in g  th e  c u r re n t  m e a s u re ­
m e n t  v e c to r  z n :
x n =  x ~  +  K n ( z n  -  P n x “ ) (7 .7 2 )
4. T h e  n e x t  s ta te  e s t im a te  a n d  c o v a r ia n c e  is g e n e ra te d , p r o je c t in g  a h e a d  u s in g  th e  
u p d a te  m a t r ix  4>n :
=  (7 .7 3 )
=  $ „ P „ + 1 +  Q „  ( 7 .7 4 )
Ln+1
P .n + 1
99
Chapter 7. Relative Orbit Determination
T h e  a d v a n ta g e  o f  th is  a l te r n a te  fo r m  o f  th e  K a lm a n  f i l t e r  is t h a t  z e ro  c o n fid e n c e  c a n  
b e  e x p re s s e d  in  th e  in i t ia l is in g  s ta te  v e c to r  Xq . Z e ro  c o n fid e n c e  w o u ld  im p ly  a n  in f in ­
i te  c o v a r ia n c e  m a t r ix  P J , b u t  a  z e ro  in f o r m a t io n  m a t r ix  ( in v e rs e  c o v a r ia n c e ) m a t r ix .  
T h is  e ffe c t iv e ly  ig n o re s  th e  in i t ia l is in g  s ta te  v e c to r . T h e  d is a d v a n ta g e  is th e  in c re a s e d  
n u m b e r  o f  in v e rs e  o p e ra t io n s , a n d  h e n c e  a n  in c re a s e d  c o m p u ta t io n a l  lo a d .
N o  in f o r m a t io n  is k n o w n  a - p r i o r i ,  a n d  h e n c e  th e  in i t i a l  s ta te  e s t im a te  i t y  a n d  th e  in i t i a l  
in v e rs e  e r r o r  c o v a r ia n c e  m a t r ix  P 0“  a re  a lw a y s  se t to  ze ro .
7 . 2 . 3  F i l t e r  C r e a t i o n
I n  th is  case, th e  m e a s u re m e n t v e c to r , z n , is cho sen  to  b e  a  d ir e c t  m e a s u re m e n t  o f  th e  
s ta te  v e c to r . T h e re fo r e ,  H n  —  I q , w h e re  J  is  a  6 x 6  id e n t i t y  m a t r ix .  H e n c e :
"'"I
H
i
1 0 0 0 0
\----o
A 0 1 0 0 0 0
V n , H n = 0 0 1 0 0 0
y en 0 0 0 1 0 0
z e An 0 0 0 0 1 0
Z e
n
0 0 0 0 0 1
w h e r e  th e  s u p e rs c r ip t  ‘e ’ in d ic a te s  a  d ir e c t  e s t im a te  o f  th e  s ta te  v e c to r .
F o r  eac h  f r a m e  in  th e  o r b it  seq u e n c e , ta r g e t  p o s it io n  a n d  o r ie n ta t io n  e s tim a te s  a re  
p ro d u c e d . T h e  o r ie n ta t io n  o f  th e  ta r g e t  is ig n o r e d  fo r  th is  a p p l ic a t io n ,  w h i le  th e  lo c a t io n  
o f  th e  ta r g e t  in  lo c a l c o o rd in a te s  ( i .e . o r ig in  f ix e d  to  in s p e c tio n  s a te l l i te  C o G , a n d  x ,  
y, z -a x is  f ix e d  to  in - t r a c k ,  r a d ia l ,  a n d  o u t -o f -p la n e  re s p e c t iv e ly )  is u sed  d ir e c t ly  in  z n 
as (afe , y ^ ,  z f f ) .  T h e  v e lo c ity  e s tim a te s  a re  fo u n d  b y  ta k in g  th e  p re v io u s  a c c e p ta b le  
p o s it io n  e s t im a te , s u b t r a c t in g  f r o m  th e  c u r r e n t  p o s it io n  e s t im a te  a n d  d iv id in g  b y  th e  
t im e  in te rv a l:
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w h e r e  a  is u s u a lly  1, a lth o u g h  c o u ld  b e  f u r th e r  b a c k  ( w i t h  c o r re s p o n d in g  in c re a s e  in  
A t n )  i f  th e  p re v io u s  f ra m e  d id  n o t  p ro d u c e  a  re a s o n a b le  p ose  e s t im a te .
T h e  u p d a te  m a t r ix  $ n is th e  o n e  d e r iv e d  f r o m  H i l l ’s E q u a t io n s , s u m m a r is e d  in  E q n .  (7 .6 6 ) .  
T h e  o r b i t a l  m e a n  m o t io n  o f  th e  in s p e c t io n  s a te l l i te  m u s t b e  k n o w n  b e fo re -h a n d , as w e ll  
as th e  t im e  in te r v a l  b e tw e e n  f ra m e s . T h e  k n o w le d g e  o f  th e  o r b it a l  m e a n  m o t io n  is a n  
im p o r t a n t  issue, w h ic h  is d e a lt  w i t h  b e lo w  (S e e  S e c tio n  7 .3 .1 .5 ) .
I t  is  a s s u m e d  t h a t  th e  u p d a te  o f  th e  s ta te  m a t r ix  is c o rre c t , im p ly in g  t h a t  H i l l ’s E q u a ­
t io n s  a re  c o rre c t . T h is  is a  re a s o n a b le  a s s u m p tio n  w h e n  th e  r a d ia l  a n d  o u t -o f -p la n e  
d is ta n c e s  a re  s m a ll ,  a n d  la rg e  in -tra c lc  d iffe re n c e s  b e tw e e n  in s p e c tio n  s a te l l i te  a n d  t a r ­
g e t d o  n o t  in v a l id a te  th is  a s s u m p t io n  [66 ]. T h e r e fo r e ,  i t  c a n  b e  a s s u m e d  t h a t  th e re  is n o  
s ta te  t r a n s i t io n  n o is e , a n d  t h a t  s ta te  t r a n s i t io n  is a  f u l ly  d e te rm in is t ic  s y s te m . H e n c e , 
w n  is  z e ro , as is th e  e r r o r  c o v a r ia n c e  m a t r ix  Q n . W i t h o u t  n o ise  in  th e  s ta te  t r a n s it io n ,  
p re v io u s  m e a s u re m e n t  v e c to rs  a re  w e ig h te d  as s tro n g ly  as p re s e n t m e a s u re m e n ts , in  
e ffe c t p ro d u c in g  a  b a tc h  f i l t e r .
T h e  c a lc u la t io n  o f  th e  m e a s u re m e n t e r r o r  c o v a r ia n c e  m a t r ix  N n  is m o re  c o m p le x , a n d  
is  h a n d le d  s e p a r a te ly  in  th e  n e x t  s e c tio n .
7 . 2 . 4  C a l c u l a t i o n  o f  t h e  M e a s u r e m e n t  E r r o r  C o v a r i a n c e  M a t r i x  N n
T h e  p u rp o s e  o f  th is  s e c tio n  is to  d e t a i l  th e  m e th o d  o f  c o v a r ia n c e  t r a n s fo r m a t io n ,  f ro m  
th e  s ta te  in fo r m a t io n  m a t r ix  o f  E q n .  (6 .1 3 )  r e s u lt in g  f r o m  G a u s s -N e w to n  m in im is a t io n  
to  th e  f in a l  c o v a r ia n c e  o f  th e  t r a n s la t io n  a n d  v e lo c ity  e s tim a te s  N n  t h a t  w i l l  b e  u sed  in  
th e  f i l t e r  a b o v e . T h e s e  t r a n s fo r m a t io n s  in v o lv e  successive chan ges  in  c o o rd in a te  fra m e s  
o f  re fe re n c e , as d e s c r ib e d  b e lo w .
I n  th e  fo l lo w in g  e q u a tio n s , th e  s u b -s c r ip t  c  in d ic a te s  th e  c a m e ra  f ra m e , i  in d ic a te s  th e  
in s p e c to r  c o o rd in a te  f ra m e , t  in d ic a te s  th e  t a r g e t  f ra m e , a n d  w  in d ic a te s  th e  w o r ld  
f ra m e . A  r o t a t io n  m a t r ix  R a b  re p re s e n ts  a  r o t a t io n  f ro m  c o o rd in a te  f r a m e  a  to  co­
o r d in a te  f r a m e  6, a n d  a  t r a n s la t io n  m a t r ix  re p re s e n ts  a  t r a n s la t io n  f r o m  th e  o r ig in  
o f  a  to  th e  lo c a t io n  o f  th e  o r ig in  o f  6, in  a - f r a m e  c o o rd in a te s . T h is  n o ta t io n  is s im ila r  
to  t h a t  o f  E q n .  ( 3 .1 ) .
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7 . 2 . 4 . 1  E s t i m a t e  o f  T a r g e t  C e n t r e  o f  G r a v i t y
T h e  r o t a t io n  m a t r ix  e s t im a te d  in  th e  p re v io u s  c h a p te rs  is R t c ,  a n d  th e  e s t im a te d  t r a n s ­
la t io n  v e c to r  is t C£, i.e . th e  ta r g e t  f r a m e  is re fe re n c e d  w i t h  re s p e c t to  th e  c a m e r a  f ra m e ,  
s u c h  th a t :
Pc =  R t c P t  +  %ct (7 .7 9 )
T h e  e s t im a te  o f  th e  t r a n s la t io n  v e c to r  t c t  is fo u n d  f r o m  th e  secon d  h a l f  o f  th e  G a u s s -  
N e w to n  p a r a m e te r  v e c to r  x  o f  E q n .  (6 .1 6 ) .  T h e re fo r e ,  th e  c o v a r ia n c e  m a t r ix  fo r  
th is  t r a n s la t io n  v e c to r , N C )  is  th e  b o t to m  r ig h t  q u a r te r  o f  th e  in v e rs e  o f  m a t r ix  A  
o f  E q n .  (6 .1 3 ) :
x  =  [ w , ( f > ,  K , t x , t y , t z ] T  ( 7 .8 0 )
= > t ct =  [ t x , t y , t z ] T  =  x ( 4 : 6 ) (7 .8 1 )
A ~ l  =  C o v ( x )  (7 .8 2 )
= > IV C =  C o v ( t Ci )  =  -A- 1 (4  : 6 ,4  : 6 )  (7 .8 3 )
7 . 2 . 4 . 2  F r a m e s  o f  R e f e r e n c e
T h r e e  fra m e s  o f  re fe re n c e  t h a t  a re  o f  in te re s t  h e re  is th e  ta r g e t ,  c a m e ra , a n d  w o r ld  
c o o rd in a te  f ra m e s , as d e ta i le d  in  S e c t io n  3 .1 .1 .  A n  a d d it io n a l  f r a m e  o f  re fe re n c e  is 
t h e  in s p e c to r  c o o rd in a te  s y s te m , w h ic h  s h a re s  th e  s a m e  o r ig in  as th e  w o r ld  c o o rd in a te
f r a m e  ( th e  in s p e c tio n  s a te l l i t e ’s C o G ) ,  b u t  is  o r ie n te d  w i t h  re s p e c t to  th e  in s p e c tio n
s a te l l i t e  r a t h e r  th a n  th e  o r b it  p la n e .
T h e  c a m e ra  f r a m e  is re fe re n c e d  w i t h  re s p e c t  to  th e  in s p e c to r  f r a m e , a n d  b o th  th e  
in s p e c to r  a n d  ta r g e t  fra m e s  a re  re fe re n c e d  w i t h  re s p e c t to  th e  w o r ld  fra m e :
P i  — R d P c  +  t ic  (7 .8 4 )
P w  -  R f w P i  ( 7 -8 5 )
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T h e  c a m e ra  f ra m e  is a t  a  k n o w n  d is ta n c e  a n d  o r ie n ta t io n  w i t h  re s p e c t  to  th e  in s p e c tio n  
s a te l l i te ,  a n d  th e re fo r e  th e  r o t a t io n  m a t r ix  R c i  a n d  th e  t r a n s la t io n  v e c to r  t ; c a re  as­
s u m e d  to  b e  k n o w n . T h e  in s p e c t io n  s a te l l i te  is a t  som e  o r ie n ta t io n  w i t h  re s p e c t to  th e  
w o r ld  c o o rd in a te s , a n d  th is  o r ie n ta t io n  is k n o w n  to  som e d e g re e  o f  e r r o r .  T h e re fo r e ,  
th e  r o t a t io n  m a t r ix  R f i n  is a s s u m e d  to  b e :
(7 .8 6 )
where
^ iw w  iw
vj>? —
^  IW <f>iw = f  iw
i
<uJ
S£
1 K iw
+  W i (7 .8 7 )
=  [ w i w , f i w ,  K i w ] T  a re  th e  t r u e  r o t a t io n  a n g le s , a n d  th e  v e c to r  re p re s e n ts  th e  
a d d it iv e  no ise  v e c to r  w i t h  c o v a r ia n c e  N { w . H e n c e ,
C o v ( $ ? J  =  N i w  (7 .8 8 )
T h is  c o v a r ia n c e  m a t r ix  is a s s u m e d  to  b e  k n o w n , a n d  m u s t b e  ta k e n  in to  a c c o u n t w h e n  
c o n v e r t in g  th e  ta r g e t  p o s it io n  e s t im a te  c o v a r ia n c e  m a t r ix .
7 . 2 . 4 . 3  C o v a r i a n c e  C o n v e r s i o n  f r o m  C a m e r a  t o  I n s p e c t o r  C o o r d i n a t e s
T h e  p o in t  p  is a s s u m e d  to  b e  th e  e s t im a te  o f  th e  lo c a t io n  o f  th e  ta r g e t  C o G . T h e  in i t i a l  
e s t im a te  o f  p  w i l l  b e  in  c a m e r a  c o o rd in a te s , p c =  t cj ,  w h ic h  m u s t b e  c o n v e rte d  to  w o r ld  
c o o rd in a te s  ( p w ) . T h e  in te r m e d ia te  c o n v e rs io n  in v o lv e s  in s p e c to r  c o o rd in a te s , as g iv e n  
b y  E q n . ( 7 .8 4 ) .  A s  th e  r o t a t io n  a n d  t r a n s la t io n  b e tw e e n  th e  c a m e ra  a n d  in s p e c to r  co ­
o r d in a te  fra m e s  a re  k n o w n , E q n .  (6 .3 7 )  r e g a r d in g  th e  p ro p a g a t io n  o f  c o v a r ia n c e  th r o u g h  
th e  J a c o b ia n  o f  th e  t r a n s fo r m a t io n  c a n  b e  a p p l ie d  (S ee  A p p e n d ix  B . l  fo r  in fo r m a t io n  
o n  m a t r ix  d e r iv a t iv e s ):
Chapter 7. Relative Orbit Determination
7 . 2 . 4 . 4  C o v a r i a n c e  C o n v e r s i o n  f r o m  I n s p e c t o r  t o  W o r l d  C o o r d i n a t e s
T h e  c o n v e rs io n  f r o m  in s p e c to r  to  w o r ld  c o o rd in a te s  in v o lv e s  a  r o t a t io n  as g iv e n  b y  
E q n .  (7 .8 5 ) .  H o w e v e r , th is  r o t a t io n  is p o s s ib ly  in  e r ro r , w i t h  a  k n o w n  c o v a r ia n c e  o f  th e  
t h r e e  r o ta t io n  a n g les  N i w . T h e r e fo r e  th e  c o v a r ia n c e  c o n v e rs io n  in v o lv e s  th e  c o v a ria n c e  
o f  th e  t r a n s la t io n  e s t im a te  p *  a n d  th e  r o t a t io n  a n g les  I t  is a s s u m e d  t h a t  p *  a n d  
a re  in d e p e n d e n t  o f  e a c h  o th e r ,  a n d  th e re fo re  th e  c o v a r ia n c e  c o n v e rs io n  b eco m es:
N m  =
d p i C o v ( p i )  0  
0 C o v ( * f J 0 ( P i . * L )
(7 .9 1 )
W h e r e  C o v ( p * )  — N i , C o v ( 4 r| lo) — N { w , a n d  0  re p re s e n ts  a  3 x 3  m a t r ix  o f  zeros . T h e  
J a c o b ia n  m a t r ix  is a  3 x 6  m a t r ix  o f  th e  fo rm :
d P w
d { P i 3 f f J
d P w  d P w  
d P i  ’ d ^ i w
' d R t o & l , )  d R iw(4ffJ d R iw( * t J  ' 
x l i w  j o o  P i  > q P i  > o p  P i
d c o ?iw d * i w
(7 .9 2 )
S ee E q n s . ( 5 .1 9 ) ,  ( 5 .2 0 )  a n d  (5 .2 1 )  fo r  th e  d if fe re n t ia ls  o f  r o t a t io n  m a tr ic e s  w i t h  re s p e c t  
to  th e  th r e e  in d iv id u a l  r o t a t io n  a n g le s .
H e n c e , th e  e s t im a t io n  o f  th e  ta r g e t  C o G  a n d  its  c o v a r ia n c e  m a t r i x  c a n  n o w  b e  e x p re ss e d  
in  te r m s  o f  th e  w o r ld  c o o rd in a te  s y s te m .
7 . 2 . 4 . 5  T h e  V e l o c i t y  E s t i m a t e  a n d  A s s o c i a t e d  C o v a r i a n c e  M a t r i x
T h e  c o v a r ia n c e  m a t r ix  N w  fo r  a  p a r t ic u la r  t im e  t n  is o n ly  p a r t  o f  th e  c o v a r ia n c e  m a t r ix  
N n  re q u ir e d  b y  th e  K a lm a n  f i l t e r .  T h e  o th e r  p a r t  com es f ro m  th e  c o v a r ia n c e  o f  th e  
r e la t iv e  v e lo c ity  e s t im a te  o f  th e  t a r g e t  C o G .
T h e  c u r re n t  v e lo c ity  e s t im a te  is fo u n d  b y  s u b t r a c t in g  a  (s u ita b le )  p re v io u s  t r a n s la t io n  
e s t im a te  f r o m  th e  c u r re n t  t r a n s la t io n  e s t im a te ,  a n d  d iv id in g  b y  th e  t im e  in te r v a l.  W i t h  
u n in t e r r u p t e d  c o n tin u o u s  d a ta ,  th is  is n o t  th e  m o s t a c c u ra te  e s t im a te  o f  th e  v e lo c ity  - 
a  b e t t e r  e s t im a te  w o u ld  b e  fo u n d  b y  t a k in g  th e  n e x t  e s t im a te ,  r a t h e r  t h a n  th e  c u r re n t  
e s t im a te ,  a n d  d iv id in g  b y  th e  re s u lt in g  t im e  in te rv a l:
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F ig u r e  7 .4 : T w o  M e th o d s  o f  E s t im a t in g  V e lo c ity
I n  th e  le f t  p a n e  o f  F ig u r e  7 .4 , th e  v e lo c ity  e s t im a te  is fo r m e d  f r o m  ( x n — x n _ i )/<££, w h ile  
o n  th e  r ig h t ,  th e  v e lo c ity  e s t im a te  is fo r m e d  b y  ( x n + i  — x n _ i ) / 2 d t ,  w h ic h  is v is ib ly  m o re  
a c c u ra te . H o w e v e r , th e  a v a ila b le  d a t a  is  n o t  a lw a y s  c o n tin u o u s . T h e  G a u s s -N e w to n  
m in im is a t io n  m u s t co n v e rg e  in  o rd e r  to  p ro d u c e  a  c o v a r ia n c e  m a t r ix  o f  th e  re s u lt ,  a n d  
th e  re s u lts  o f  th e  p re v io u s  c h a p te r  s h o w s  t h a t  ro u g h ly  1 / 4  o f  a l l  im a g e s  d o  n o t  re s u lt  in  
a  c o n v e rg en c e . T h e  v e lo c ity  e s t im a te  o n  th e  le f t  o f  F ig u r e  7 .4  o n ly  re q u ire s  o n e  e x t r a  
t r a n s la t io n  e s t im a te  o th e r  t h a n  th e  c u r r e n t  o n e , w h ile  th e  v e lo c ity  e s t im a te  o n  th e  r ig h t  
re q u ire s  tw o  e x t r a  t r a n s la t io n  e s tim a te s . A ls o , th e  le f t -h a n d  v e lo c ity  e s t im a te  does n o t  
re q u ir e  e q u a l ly  s p a c e d  e s tim a te s , w h i le  th e  r ig h t -h a n d  m e th o d  d oes .
T h e r e fo r e ,  th e  m e a s u re m e n t v e c to r  z n  is fo r m e d  as fo llo w s:
< xn
K tn-tno (Xn xn0)
Vn Vn
Vn
0£1dloHO*
 ^
L 
*+£
zn Zn
1
a) e
___
i t A f e "  z «o) J
w h e r e  p w ( t n )  =  fe n , V n ,  ^n]T  fo r  th e  c u r r e n t  t im e  t n , a n d  p u ,(£n o) — [*'CnO,ynOfeno]T  fo r  
th e  p re v io u s  t im e  t n o t h a t  c o n ta in s  a  s u ita b le  t r a n s la t io n  e s t im a te  (w h ic h  m a y  o r m a y  
n o t  b e  th e  p re v io u s  e s t im a te ) .
T h e  c o v a r ia n c e  m a t r ix  o f  th e  m e a s u re m e n t  v e c to r  is th e re fo re :
Cov(z„) = d z r
C o v ( p  w ( t n 0 ) )  0
0  C o v ( p ^ ( t n ) )
8zr
# (P u j(tn o )>  P -u ;( tn ) ) .
(7 .9 4 )
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w h e r e  C o v ( p t0( / n 0 ) )  =  N w ( t n0) a n d  C o v ( p w ( i n ) )  — N w ( t n ) ,  fo r  c o v a r ia n c e  m a t r ix  N w  
a t  th e  g iv e n  t im e s  -  see E q n .  ( 7 .9 1 ) .  T h e  J a c o b ia n  m a tr ic e s  a re  as fo llo w s :
d z  n =  E J i i )
8(pw{tno)i Ptu(ft)) 9(xnQ, ynO) znOi Xn , yn) zn)
0 0 0 1 0 0
-1 0 0 1 0 01 o t n  inO
0 0 0 0 1 0
0 -1 0 0 1 0
t n  + 0 t n  t n  o
0 0 0 0 0 1
0 0 -1 0 0 1
t n  t n 0 t n  t n Q
T h e  c o v a r ia n c e  m a t r ix  o f  E q n .  (7 .9 4 )  is th e  m e a s u re m e n t e r r o r  c o v a r ia n c e  m a t r ix  N n  
r e q u ir e d  to  c o m p le te  th e  K a lm a n  f i l t e r .
7.3 Simulation Results
T h is  s e c tio n  h ig h lig h ts  th e  s im u la t io n s  c a r r ie d  o u t  so f a r  in  r e la t iv e  o r b it  d e te r m in a t io n ,  
a n d  th e  re s u lts  a c h ie v e d .
7 . 3 . 1  T e s t  1
T h is  e x p e r im e n t  w as  o n e  o f  th e  f ir s t  te s ts  a p p lie d  to  th e  s y s te m . T h e  ta r g e t  s ta r ts  in  
f r o n t  o f  th e  c a m e ra , 9  m e tre s  a w a y , w i t h  a  s m a ll  v e lo c ity  to w a rd s  a n d  to  th e  le f t  o f  th e  
c a m e ra . T h e  S u n lig h t  is s l ig h t ly  a b o v e  th e  o r b it a l  x -z  p la n e , 2 2 5 °  a z im u th  f r o m  th e  
+ z  a x is , so t h a t  th e  ta r g e t  is f u l ly  l i t  f r o m  th e  c a m e r a ’s p o in t  o f  v ie w . T h e  ta r g e t  is 
r o t a t in g  a b o u t  th e  b o o m  eac h  f r a m e , a n d  th e  r o ta t io n  a x is  is f ix e d  w i t h  re s p e c t to  th e  
i n e r t ia l  f ra m e . F r o m  th e  f ir s t  f r a m e  a t  t = 0 ,  e a c h  f r a m e  is t a k e n  a t  5 -s e c o n d  in te rv a ls .  
B y  th e  t im e  o f  th e  la s t  f r a m e  a t  t = 1 9 5  secon ds , th e  m a in  b o d y  o f  th e  t a r g e t  is a lm o s t  
o u ts id e  o f  th e  f ie ld  o f  v ie w .
T h e  fo llo w in g  ta b le  g ives  a  s u m m a r y  o f  th e  s ta r t in g  c o n d it io n s  fo r  th is  tes t:
w h e re  ‘m ,= m e t r e s ,  ‘s ’^ s e c o n d s , a n d  I 3  is a  3 x 3  id e n t i t y  m a t r ix ,  th e  e q u iv a le n t  o f  n o  
r o ta t io n .  T h e  O r b i t a l  M e a n  M o t io n  is g iv e n  as 3 6 0 °  (o n e  f u l l  o r b i t )  in  1 0 0  m in u te s . I t  
is a s s u m e d  t h a t  th e  O r b i t a l  M e a n  M o t io n  is c o rre c t  a n d  w i th o u t  e r ro r .
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S u n  L o c a t io n  ( A z im u t h )  : 2 2 5 °
S u n  L o c a t io n  (E le v a t io n )  : 1 0 °
O r b i t a l  M e a n  M o t io n  (u>) : 3 6 0 / ( 1 0 0  *  6 0 ) ° s _1
F ra m e  P e r io d  : 5s
N u m b e r  o f  F ra m e s  : 40
t w t  ( s t a r t )  : [ 9 , 0 , 0 ]T m
v w t  ( s t a r t )  : [—0 .0 1 ,0 ,  —0 .0 0 3 ]T m
R t w  ( s t a r t )  : R y { - 4 o ) R x { - l 8 o ) R y { - 1 0 ° )
R t w  ( p e r  f r a m e )  : R y ( - 7 .5 ° )
R i w  ( s t a r t )  : h
R i w  ( p e r  f r a m e )  : h
t ie  : [ 0 ,0 ,  o f
R i c  • 4
T a b le  7 .1 : S t a r t in g  C o n d it io n s  -  T e s t  1
A s  c a n  b e  seen  f r o m  T a b le  7 .1 , th e r e  is n o  t r a n s la t io n  o r  r o t a t io n  b e tw e e n  th e  c a m e ra  
a n d  in s p e c to r  f r a m e , o r  th e  in s p e c to r  a n d  w o r ld  f ra m e . T h e re fo r e ,  th e  c a m e ra  f r a m e  is  
e q u iv a le n t  to  th e  w o r ld  f r a m e  in  th is  te s t .
T h e  in i t i a l  r o ta t io n  o f  th e  t a r g e t  w i t h  re s p e c t to  th e  w o r ld  c o o rd in a te s , R t w  ( s t a r t ) ,  is  
d e f in e d  in  te rm s  o f  a  y - x - y  r o t a t io n .
T h e  u p d a te  r o t a t io n  R f W  ( p e r  f r a m e )  is a p p lie d  b e fo re  th e  p re v io u s  f r a m e ’s r o ta t io n  
is a p p lie d , as th is  re p re s e n ts  th e  r o t a t io n  o f  th e  ta r g e t  a b o u t  i t ’s o w n  r o ta t io n a l  a x is . 
T h e  u p d a te  r o ta t io n  R { w  ( p e r  f r a m e )  is a p p lie d  a f te r  th e  p re v io u s  f r a m e ’s r o ta t io n ,  to  
re p re s e n t th e  r o ta t io n  o f  th e  in s p e c to r  ( a n d  th e  f ix e d  c a m e ra )  in  in e r t ia l  space. I n  th is  
te s t ,  th e  a t t i t u d e  o f  th e  in s p e c t io n  s a te l l i te ,  R i W , is a s s u m e d  to  b e  k n o w n  p e r fe c t ly  
w ith o u t  e r r o r ,  h en c e  N i w  —  0 .
T h e  s ta r t in g  ta r g e t  t r a n s la t io n  a n d  v e lo c ity , t ^ t  a n d  v w t , a re  u se d  as th e  in p u ts  to  
H i l l ’s E q u a t io n s , a n d  a re  u p d a te d  fo r  e a c h  fra m e . In  th is  w a y , th e  t r u e  p o s it io n  o f  th e  
ta r g e t  is k n o w n  fo r  eac h  f ra m e .
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7 . 3 . 1 . 1  I n d i v i d u a l  R e s u l t s  o f  T e s t  1
T h e  4 0  fra m e s  a re  s h o w n  in  th e  A p p e n d ix ,  F ig u r e s  A . 3 a n d  A .4 .  T h e  n u m b e rs  a b o v e  
e ach  f r a m e  in d ic a te  th e  t im e  in  seconds. T h e  b la c k  b o x  s u r ro u n d in g  e a c h  im a g e  show s  
th e  e x te n t  o f  th e  im a g e  p la n e  fo r  e a c h  f ra m e . T h e s e  im a g e s  a re  s h o w n  in  n e g a tiv e  
g re y  s c a le , so t h a t  th e  b r ig h t  w h i t e  b a c k g ro u n d  re p re s e n ts  b la c k  e m p ty  space , a n d  d a r k  
s h ad es  o f  g re y  re p re s e n t b r ig h t  s u rfa c e s . A s  th e  fra m e s  a d v a n c e  in  t im e ,  th e  ta r g e t  
c a n  b e  seen  to  b e  r o t a t in g  a b o u t  th e  b o o m , a n d  m o v in g  s lo w ly  to w a rd s  th e  b o t to m  
le f t -h a n d  c o rn e r  o f  th e  im a g e , as w e ll  as g ro w in g  in  s ize  as th e  t a r g e t  a p p ro a c h e s  th e  
in s p e c t io n  s a te l l i te .
T h e  c o rre s p o n d in g  lin e s  d e te c te d  in  e a c h  f r a m e  a re  g iv e n  in  F ig u r e s  A . 5 a n d  A . 6. 
T h e s e  im a g e s  s h o w  th e  r e la t iv e  c o m p le x ity  o f  th e  l in e  p a t te r n s ,  as w e ll  as a  w id e  ra n g e  
o f  s p u rio u s  lin e s  t h a t  d o  n o t  d ir e c t ly  r e la te  to  t r u e  lin e s  o n  th e  m o d e l.
F ig u r e  7 .5  b e lo w  sho w s th e  in -p la n e  d is p la c e m e n t o f  th e  ta r g e t  d u r in g  th e  te s t . T h e  
s ta r t in g  p o s it io n  is a t  th e  to p  r ig h t ,  9 m e tre s  a w a y  f r o m  th e  in s p e c to r  C o G  (a t  [0 ,0 ])  
d ir e c t ly  a lo n g  th e  x -a x is .  T h e  s m a ll  c irc le s  m a r k  e v e ry  30  seconds, a n d  th e  v e ry  la s t  
p o in t  o n  th e  fa r - le f t  o f  th e  g r a p h  is a t  t = 1 9 5  secon ds , th e  f in a l  f r a m e  in  th e  sequ ence . 
T h e s e  p o s it io n s  a re  fo u n d  u s in g  H i l l ’s E q u a t io n s  a n d  th e  t r u e  s ta r t in g  p o s it io n  a n d  
v e lo c ity . N o te  t h a t  th e  c u rv e  sho w s a n  a c c e le ra tio n  in  th e  n e g a tiv e  r a d ia l  d ir e c t io n ,  
d u e  to  th e  c o u p lin g  e ffe c ts  o f  o r b it a l  d y n a m ic s .
F ig u r e  7 .5 : T e s t  1: T r u e  T a r g e t  In - P la n e  D is p la c e m e n t  d u r in g  T e s t
F ig u r e  7 .6  g ives  th e  e v e n tu a l p o s it io n  o f  th e  ta r g e t  o ne  o r b it  la te r .  T h e  s ta r t in g  p o in t  
is o n  th e  le f t  s id e  o f  th e  g ra p h . T h e  ta r g e t  in i t i a l ly  m o ves  to w a rd s  th e  in s p e c to r , th e n  
d ro p s  in  a l t i t u d e ,  c a u s in g  a n  in c re a s e  in  o r b i t a l  v e lo c ity  a lo n g  th e  in - t r a c k  d ir e c t io n .
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F ig u r e  7 .6 : T e s t  1: T r u e  T a r g e t  In - P la n e  D is p la c e m e n t ,  S in g le  O r b i t
T h e  T a r g e t  e v e n tu a l ly  re s u m e s  th e  in i t i a l  r a d ia l  d is p la c e m e n t, a lth o u g h  w i t h  a n  a d d e d  
in - t r a c k  d is p la c e m e n t o f  1 8 9  m e tre s  f r o m  th e  c a m e ra , a s s u m in g  th e  e ffec ts  o f  a n y  o u ts id e  
p e r tu r b a t io n s  in c lu d in g  d r a g  a n d  E a r t h  o b la te n e s s  a re  ig n o re d . W i t h i n  16 m in u te s  o f  
th e  s ta r t  o f  T e s t  1, th e  ta r g e t  w i l l  a lr e a d y  b e  a b o u t  10  m e tre s  b e lo w  th e  in s p e c tio n  
s a te l l i te .  T h is  re s u lt  is o b ta in e d  f r o m  a  r e la t iv e ly  s m a ll in i t i a l  in -p la n e  v e lo c ity  o f  o n ly  
1 c m  s_1  to w a rd s  th e  in s p e c t io n  s a te l l i te .  T h is  in d ic a te s  t h a t  g e n e ra lly  th e re  w i l l  n o t  b e  
m u c h  t im e  a v a ila b le  in  w h ic h  to  e s t im a te  th e  r e la t iv e  o r b i t a l  p a r a m e te rs  o f  th e  ta r g e t  
(u n le s s  th e  o rb its  a re  m a tc h e d  -  see b e lo w ).
F ig u r e s  7 .7  a n d  7 .8  s h o w  th e  in d iv id u a l  re s p o n s e  o f  th e  s y s te m  fo r  e a c h  f ra m e , u s in g  a  
s im i la r  la y o u t  to  F ig u r e s  6 .3  a n d  6 .4 . A s  b e fo re , th e  d if fe re n c e  in  d is t r ib u t io n  b e tw e e n  
th e  r a w  a n d  G a u s s -N e w to n  e s t im a te s  is m in im a l ,  e x c e p t fo r  th e  re d u c e d  o u t lie r s  fo r  
G a u s s -N e w to n . T h is  is e s p e c ia lly  e v id e n t  in  th e  r a t io  o f  t r a n s la t io n  e r ro r , w h e re  tw o  
o u t l ie r s  in  p a r t ic u la r  h a v e  a n  e r r o r  r a t io  g re a te r  th a n  1 ( i .e .  th e  e s t im a te d  e r r o r  is 
g re a te r  t h a n  th e  t r u e  d is ta n c e  to  th e  t a r g e t ) .  I n  g e n e ra l, th e  G a u s s -N e w to n  e s tim a te s  
fo r  t r a n s la t io n  a re  q u ite  s m a ll ,  a n d  a re  s u ita b le  fo r  th e s e  p u rp o s e s .
7 . 3 . 1 . 2  K a l m a n  F i l t e r e d  R e s u l t s  o f  T e s t  1
F ig u r e  7 .9  b e lo w  sho w s th e  re s u lts  o f  th e  f i l t e r e d  e s t im a te  o f  ta r g e t  p o s it io n . T h e  s o lid  
l in e  in d ic a te s  th e  e s t im a te d  e r r o r ,  w h i le  th e  d o t te d  l in e  in d ic a te s  th e  in d iv id u a l  f r a m e ’s 
e s t im a te d  e r ro r . T h e  e r r o r  is g iv e n  in  m e tre s , r a t h e r  t h a n  in  d is ta n c e  e r r o r  ra t io s  as 
b e fo re . T h e  s h a d e d  re g io n s  o f  th e  g ra p h  sh o w  t im e s  w h e n  n o  G a u s s -N e w to n  d a ta  is 
a v a ila b le  ( th e  s h a d in g  o c c u rs  f r o m  t  to  t + 5 ,  w h e re  t  is th e  m is s in g  f ra m e  t im e  a n d
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Histogram: RawBM Angle Error -  6 fails out of 40
(RawBM = Raw Best-Match)
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Histogram: GnP Angle Error -  13 fails out of 40
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Figure 7.7: Test 1: Comparison of Angle Errors
Histogram: RawBM Ratio Translation Error -  6 fails out of 40
60
(RawBM = Raw Best-Match)
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Histogram: GnP Ratio Translation Error -  13 fails out of 40
Figure 7.8: Test 1: Comparison of Translation Errors
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5 is th e  d u r a t io n  in  secon ds  b e tw e e n  fra m e s  -  h en c e  th e  c u rv e s  c h a n g e  a t  th e  r ig h t -  
h a n d  b o u n d a r y  o f  e a c h  s h a d e d  a re a , b u t  n o t  th e  le f t ) .  T h e  f in a l  f i l t e r e d  e s t im a te  is 
c o m p a r a b le  to  th e  b e s t  o f  th e  in d iv id u a l  e s tim a te s , w i t h  a n  e r r o r  o f  3 .3  c m  g iv e n  a  
d is ta n c e  o f  7 .1 5  m e tre s  to  th e  ta r g e t  C o G .
F ig u r e  7 .1 0  g ives  th e  c o r re s p o n d in g  m a g n itu d e  v e lo c ity  e rro rs . A s  w i t h  th e  p re v io u s  
g ra p h , th e  d o t te d  l in e  re p re s e n ts  th e  e s t im a te d  v e lo c ity  f r o m  tw o  fra m e s , w h ile  th e  s o lid  
l in e  show s th e  f i l t e r e d  e s t im a te . T h e  f in a l  v e lo c ity  e s t im a te  is f a r  b e t t e r  th a n  a n y  o f  
th e  p re v io u s  e s tim a te s , w i t h  a n  e r r o r  o f  0 .1 2  m m  s_1 g iv e n  a  t r u e  sp e e d  o f  1 .0 5  c m  s " 1.
I f  th e  f in a l  e s t im a te  is u se d  to  p r e d ic t  th e  lo c a t io n  o f  th e  ta r g e t  o v e r t im e ,  th e  e rro rs  
in  th e  e s t im a te  w i l l  p r o p a g a te  fo r w a r d , g r a d u a l ly  in c re a s in g  th e  e r r o r  w i t h  t im e . T h is  
p r o je c t io n  is fo u n d  b y  u s in g  H i l l ’s E q u a t io n s ,  a n d  u s in g  th e  f in a l  f i l t e r e d  e s t im a te  to  
d e r iv e  th e  n e w  e s t im a te  p o s it io n  a n d  v e lo c ity  o f  th e  ta r g e t  o v e r t im e .  F ig u r e  7 .1 1  g ives  
a n  in d ic a t io n  o f  th e  e ffe c t o f  th e  f in a l  e s t im a t io n  e r r o r .  A  p e r io d  o f  15 m in u te s  w as  
cho sen  as th e  d u r a t io n  o f  p r o p a g a t io n , c o m p a re d  to  th e  3 |  m in u te s  re q u ire d  to  fo r m  
th e  f in a l  f i l t e r e d  e s t im a te .
T h e  f irs t  o f  th e  th r e e  g ra p h s  sho w s th e  e s c a la t in g  e r r o r  in  d is ta n c e  e s t im a tio n . H o w e v e r ,  
g iv e n  th e  q u a l i ty  o f  th e  f in a l  e s t im a te ,  e v e n  a f te r  15  m in u te s  th e  ta r g e t  is s t i l l  w i t h in  
4 0 c m  o f  th e  p ro je c te d  p o s it io n . A l th o u g h  th e  e r r o r  in  th e  d is ta n c e  e s t im a te  is in c re a s ­
in g , th e  d is ta n c e  to  th e  t a r g e t  is a lso  in c re a s in g . T h e  secon d  g ra p h  in d ic a te s  t h a t  th e  
r a t io  e r r o r  (d is ta n c e  e r r o r / t r u e  d is ta n c e )  le v e ls  a t  less t h a n  3 x l 0 “ 2 (z e .3 % ).  T h e  e r ro r  
in  sp e e d  is d is p la y e d  in  th e  t h i r d  g ra p h , w h ic h  re m a in s  b e lo w  0 .8  m m  s_1 u p  to  15  
m in u te s  f r o m  th e  t im e  o f  f in a l  e s t im a t io n .
7 . 3 . 1 . 3  C o n c lu s io n s  o f  T e s t  1
T h is  te s t  h as  b e e n  a  success fo r  th is  p a r t ic u la r  e x a m p le . T h e  f i l t e r  h as  c o n v e rg ed  o n  
re a s o n a b ly  a c c u ra te  v a lu e s  fo r  t a r g e t  lo c a t io n  a n d  v e lo c ity , w h ic h  a llo w s  fo r  p re d ic a t io n  
o f  th e  ta r g e t  lo c a t io n  b as e d  o n  th e  f in a l  f i lt e r e d  e s t im a te . H o w e v e r , in  th is  in i t i a l  
e x a m p le , th e  a t t i t u d e  o f  th e  in s p e c t io n  s a te l l i te  is k n o w n  e x a c t ly , as is th e  o r b it a l  m e a n  
m o t io n . T h e  fo l lo w in g  tw o  te s ts  in t r o d u c e  u n c e r ta in t ie s  to  b o th ,  in  o rd e r  to  o b s e rv e  
th e  e ffec ts .
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Distance magnitude: Input Error vs. Predicted state error
Time (seconds)
F ig u r e  7 .9 : T e s t  1: F i l t e r e d  D is ta n c e  E r r o r  
Velocity magnitude: Input Error vs. Predicted state error
Time (seconds)
Figure 7.10: Test 1: Filtered Magnitude Velocity Error 112
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x 10' Time from Filter End (minutes)T
5  10
Time from Filter End (minutes)
F ig u r e  7 .1 1 : T e s t  1: E r r o r  P r o je c t io n  U s in g  F in a l  F i l t e r e d  E s t im a te s
7 . 3 . 1 . 4  T e s t  1 ( a ) :  I n t r o d u c e  U n c e r t a i n t y  t o  A t t i t u d e  E s t i m a t e
T e s t  1 a s s u m e d  t h a t  th e  a t t i t u d e  o f  th e  in s p e c t io n  c ra f t ,  re p re s e n te d  b y  r o ta t io n  m a t r ix  
R j W, is k n o w n  e x a c t ly . T h is  a s s u m p t io n  is u n r e a lis t ic ,  a n d  e r r o r  m u s t b e  in t r o d u c e d  to  
s im u la te  e rro rs  in  a t t i t u d e  e s t im a t io n .
I n  th is  te s t , e r r o r  is in t r o d u c e d  to  th e  th r e e  a t t i t u d e  r o t a t io n  a n g le s  t h a t  fo r m  th e  
r o t a t io n  m a t r ix  R f w ( ^ f w ) -  C u r r e n t ly ,  th is  m a t r ix  is se t a t  I 3, in d ic a t in g  t h a t  th e  th re e  
r o ta t io n  a n g le s  a re  a l l  0.
I n  o rd e r  to  a d d  e r r o r ,  a  c o v a r ia n c e  m a t r ix  C o v ( < f > f w )  —  N { w  is chosen  t h a t  re f le c ts  th e  
d e s ire d  e r r o r  p ro p e r t ie s :
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1 0 .0 5 0 .0 5
A f t  — 0 .0 5 1 0 .0 5 (7 .9 6 )
0 .0 5 0 .0 5 1
w h e re  o f w  is s o m e  cho sen  s c a la r  v a r ia n c e . T h e  m a t r ix  o ff -d ia g o n a l te rm s  a re  a r b i t r a r i ly  
set to  0 .0 5  in  o rd e r  to  in t r o d u c e  s o m e d e p e n d e n c e  b e tw e e n  th e  an g le s . T h is  chosen  fo r m  
o f  N i W  h as  n o t  b e e n  d e r iv e d  f ro m  a n y  s o u rc e , a n d  is m e re ly  u sed  fo r  te s t in g  p u rp o s e s .
A  n o ise  v e c to r  w i w  c a n  b e  g e n e ra te d  as fo llo w s :
w  iw =  C ft  u  (7.97)
w h e r e  u  is a  v e c to r  g e n e ra te d  f r o m  a  G a u s s ia n  so u rce , w h e re  e a c h  c o m p o n e n t o f  th e  
v e c to r  u  is in d e p e n d e n t  w i t h  ze ro  m e a n  a n d  u n i t y  v a r ia n c e . T h e  c o v a r ia n c e  m a t r ix  o f  
w i W  is th e re fo re :
E { w i w w f w }  =  E { ( C i w u ) ( C i w u ) T }
= E
=  C i m E { Y m T } C i w
=  C i w C Z ,  ( 7 .9 8 )
w h e re  E { }  is  th e  e x p e c ta t io n  o p e r a to r ,  a n d  E { u u T }  —  I .  T h e  c o v a r ia n c e  o f  w i w  is 
A f t , a re  th e re fo r e  A f t  —  C i w C j w . T h e  m a t r i x  C f t  is n o t  u n iq u e , a n d  o n e  m e th o d  
o f  e x t r a c t in g  th is  f r o m  th e  c o v a r ia n c e  m a t r ix  is th r o u g h  C h o le s k y  d e c o m p o s it io n  [6]. 
H e n c e , th e  C h o le s k y  d e c o m p o s it io n  o f  th e  k n o w n  c o v a r ia n c e  m a t r ix  A f t  is m u lt ip l ie d  
b y  a  z e ro -m e a n  u n ity -v a r ia n c e  3 x 1  r a n d o m  v e c to r  to  g e n e ra te  th e  n o ise  v e c to r  W { w ,  
w h ic h  is th e n  a d d e d  to  4 f t  to  c re a te  a  n o is y  set o f  ang les  u sed  to  g e n e ra te  th e  r o t a t io n  
m a t r ix  R f w ,  as in  E q n .  7 .8 6 .
T e s t  1 w a s  re p e a te d  s e v e ra l t im e s  w i t h  a  v a r ie ty  o f  v a lu e s  o f  a f w , a n d  th e  f in a l  f i l t e r e d  
e s t im a te  w as o b ta in e d . F o r  eac h  te s t , a  s in g le  e r ro r  v e c to r  W { w  w as g e n e ra te d  a n d  
a p p lie d  to  a l l  f ra m e s  in  th e  s eq u en ce , to  s im u la te  a  s in g le  a t t i t u d e  e s t im a te  fo r  a n  
in e r t ia l ly  n o n - r o ta t in g  c a m e ra . T h e  o f w  v a lu e s  ra n g e  f r o m  1 0 ~ 5 to  1 0 2 , a n d  c o rre s p o n d  
to  a  v a r ia n c e  o f  d eg rees . T o  c o n v e rt  to  ra d ia n s , a  s c a la r  v a lu e  o f  ( y f o ) 2 is a p p lie d  to
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a l l  ( j j w  v a lu e s . F o r  e a c h  v a lu e  o f  c r f w , 1 0 0  te s ts  w e re  c a r r ie d  o u t , a n d  th e  f in a l  d is ta n c e  
a n d  m a g n itu d e  v e lo c ity  e r r o r  w as  lo g g e d . T h e  m e a n  o f  th e s e  re s u lts  a re  s h o w n  in  
F ig u r e  7 .1 2 .
F ig u r e  7 .1 2 : T e s t  1 (a ) :  S in g le  A t t i t u d e  E s t im a t e  U s e d  fo r  W h o le  Im a g e  S eq u e n c e
T h is  f ig u re  sho w s  t h a t  u p  to  a  v a lu e  o f  o f w  =  1 , th e r e  is a  s m a ll b u t  n o t ic e a b le  d iffe re n c e  
in  th e  f in a l  e r r o r  r e s u lt .  A s  < r f w  b ec o m e s  b ig g e r , th e  f in a l  d is ta n c e  e r r o r  inc reases  s u b ­
s ta n t ia l ly .  A t  < r j w  ~  1 0 0 , w h ic h  c o rre s p o n d s  to  a p p r o x im a te ly  1 0 ° s ta n d a r d  d e v ia t io n  
in  e ach  o f  th e  th r e e  r o t a t io n  a n g le s , th e  e r r o r  h as  in c re a s e d  m o re  t h a n  1 0 -fo ld .
A  v a lu e  o f  a f w  =  1 w i l l  u s u a lly  b e  u se d , re p re s e n t in g  a n  a p p r o x im a te  e r r o r  o f  1 d eg re e  
in  a t t i t u d e  e s t im a t io n .  I f  o th e r  d a t a  re s p o n d  in  a  s im ila r  fa s h io n  to  T e s t -1 ,  th is  v a lu e  
o f  < y\ w  s h o u ld  a l lo w  re a s o n a b le  re s u lts  to  b e  a c h ie v e d .
7 . 3 . 1 . 5  T e s t  1 ( b ) :  I n t r o d u c e  U n c e r t a i n t y  t o  O r b i t a l  M e a n  M o t i o n
O n e  o f  th e  a s s u m p tio n s  o f  T e s t  1 in c lu d e s  a n  e r r o r - f r e e  e s t im a te  o f  th e  O r b i t a l  M e a n  
M o t io n ,  o j . T o  s im u la te  in a c c u ra c ie s  in  th is  e s t im a te ,  a  v a r ia n c e  is chosen, o f ,  w h ic h  
is u sed  to  c re a te  a  n o is e  v a lu e  to  a d d  to  th e  t r u e  v a lu e :
u j e  — o j  +  \ J ~ o f  u  ( 7 .9 9 )
w h e re  u  is a  z e ro -m e a n  u n ity -v a r ia n c e  G a u s s ia n -d is t r ib u te d  r a n d o m  v a r ia b le . o j e  is 
th e n  u sed  to  c a lc u la te  th e  u p d a te  m a t r ix  4>(u;e , A t ) .
A c c o rd in g  to  R e f .  [44 ], w i t h  g o o d  G lo b a l  P o s it io n in g  S y s te m  ( G P S )  re a d in g s , th e  s e m i­
m a jo r  a x is  o f  a  L E O  o r b it  c a n  b e  d e te r m in e d  to  w i t h in  ro u g h ly  1 m e tre .  F o r  a  c irc u la r
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o r b it ,  th e  o r b i t a l  m e a n  m o t io n  c a n  b e  d e r iv e d  in  te rm s  o f  th e  s e m i-m a jo r  a x is  as fo llo w s :
w = ©fe7o (7 .1 0 0 )
w h e re  p  =  3 .9 8 6 0 1  x  1 0 5 k m 3 s ~ 2 is th e  g r a v i ta t io n a l  p a r a m e te r  fo r  E a r t h ,  a n d  ro  is 
th e  s e m i-m a jo r  a x is  o f  th e  o r b it .  A  r o t a t io n  p e r io d  o f  1 00  m in u te s  as e x p re s s e d  in  
T a b le  7 .1  c o rre s p o n d s  to  a  ra d iu s  o f  ( 7 5 8 .5 + 6 3 7 8 ) k m ,  w h e re  6 3 7 8 k m  is th e  m e a n  E a r t h  
ra d iu s  [6 6 ]. T h e  d if fe re n t ia l  o f  E q n .  ( 7 .1 0 0 )  w i t h  re s p e c t to  ro  is:
dtu
dr0
A u - A r 0 (7 .1 0 1 )
T h e re fo r e , fo r  A r o = l m  a t  ro  =  (7 5 8 .5  +  6 3 7 8 )  k m , A u  =  2 .2  x  1 0 - 1 ° r a d  s- 1 . F o r  
A r o = l k m ,  A u  =  2 .2  x  1 0 - 7  r a d  s- 1 . T h e re fo r e ,  cr2 is v a r ie d  f ro m  (1 0 _ 1 0 ) 2= 1 0 _ 2 ° to  
1 0 ~ 6 , w h ic h  c o rre s p o n d s  to  a n  e r r o r  g re a te r  t h a n  th e  a l t i t u d e  o f  th e  o r b it .
F ig u r e  7 .1 3 : T e s t  1 (b ) :  U n c e r ta in ty  in  O r b i t a l  M e a n  M o t io n
F ig u r e  7 .1 3  s h o w  th e  f in a l  e r r o r  re s u lts  fo r  th e  ra n g e  o f  <x2 v a lu e s . F o r  eac h  v a lu e  o f  
cr2 u sed , 50  tes ts  w e re  c a r r ie d  o u t ,  a n d  th e  m e a n  e r r o r  w as ta k e n . T h e  m in im u m  f in a l  
d is ta n c e  a n d  v e lo c ity  v a lu e s  a re  th e  s a m e  as th o s e  w i t h  a 2 =  0 . T h e  f la t  g ra p h  in d ic a te s  
t h a t  u p  to  a 2 =  1 0 ~ 9 , th e r e  is l i t t l e  o r n o  e ffe c t o n  th e  f in a l  re s u lt  u s in g  T e s t -1  d a ta .
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A  c r 2 v a lu e  o f  1 0 - 9  is e q u iv a le n t  to  a n  e r r o r  in  th e  s e m i-m a jo r  o f  m o re  t h a n  100  k m .  
H e n c e , a s s u m in g  a  re a s o n a b le  d e g re e  o f  k n o w le d g e  re g a rd in g  th e  s e m i-m a jo r  a x is  o f  th e  
in s p e c t io n  s a te l l i t e ,  th e  v a lu e  o f  th e  o r b i t a l  m e a n  m o t io n  c a n  b e  a s s u m e d  to  b e  c o rre c t  
fo r  th e  p u rp o s e s  o f  th is  t y p e  o f  f i l t e r .
7 . 3 . 2  T e s t  2
T h is  e x p e r im e n t  uses th e  s a m e  s ta r t in g  c o n d it io n s  w i t h  re s p e c t to  th e  ta r g e t  as th e  
p re v io u s  te s t , a n d  a d d s  r o t a t io n  to  th e  in s p e c t io n  s a te l l i te  a n d  u n c e r ta in ty  in  a t t i t u d e  
a n d  o r b i t a l  m e a n  m o t io n .  T h e  in s p e c t io n  s a te l l i t e  a t t i t u d e  g ives  th e  im p re s s io n  t h a t  th e  
ta r g e t  s a te l l i te  r o t a t io n a l  a x is  is n e a r  th e  c a m e r a  v e r t ic a l .  See A p p e n d ix ,  F ig u re s  A . 7  
a n d  A . 8 fo r  f r a m e  im a g e s , a n d  F ig u r e s  A . 9 a n d  A . 10  fo r  d e te c te d  lin e s . See T a b le  7 .2  
b e lo w  fo r  te s t  c o n d it io n s .
S u n  L o c a t io n  ( A z im u th )  : 2 2 5 °
S u n  L o c a t io n  (E le v a t io n )  : 1 0 °
O r b i t a l  M e a n  M o t io n  ( u )  : 3 6 0 / ( 1 0 0  *  6 0 ) ° s - 1
i o - 17
F r a m e  P e r io d  : 5s
N u m b e r  o f  F ra m e s  : 4 0
t wt ( s t a r t )  : [ 9 , 0 , 0 ]T m
v w t  ( s t a r t )  : [ - 0 . 0 1 , 0 ,  —0 .0 0 3 ]T m
jR t w  ( s t a r t )  : R y { - 4 ° ) R x ( - 1 8 o ) R y { - 1 0 ° )
R t w  ( p e r  f r a m e )  : R y ( - 7 .5 ° )
R i w  ( s t a r t )  : R x ( - 1 7 ° ) R z { 2 ° )
R i w  ( p e r  f r a m e )  : h
cr2 1
Lc  : [ 0 ,0 ,  O f
R i c  '• h
T a b le  7 .2 : S t a r t in g  C o n d it io n s  -  T e s t  2
T h e  S u n  L o c a t io n  is g iv e n  in  te r m s  o f  w o r ld  c o o rd in a te s , a n d  so th e  a p p a re n t  lo c a t io n  
o f  th e  S u n  f r o m  th e  c a m e ra  p o in t  o f  v ie w  w i l l  c h a n g e  a c c o rd in g  to  R i w .
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T h e  a d d e d  G a u s s ia n  e r r o r  o f  th e  o r b i t a l  m e a n  m o t io n  is s ig n ifie d  b y  cr2 , w h ic h  a p ­
p r o x im a te ly  c o rre s p o n d s  to  a  d e v ia t io n  in  ro  b y  10  m e tre s , w h i le  th e  a d d e d  G a u s s ia n  
e r r o r  o f  th e  in s p e c t io n  s a te l l i te  a t t i t u d e  k n o w le d g e  s ig n ifie d  b y  o f w  im p lie s  a  s ta n d a r d  
d e v ia t io n  o f  ~ 1 °  in  r o l l ,  p itc h  a n d  y a w . T h e  f i l t e r e d  re s u lts  a re  s h o w n  in  F ig u re s  7 .1 4  
a n d  7 .1 5  b e lo w .
T h e  c h a n g e  in  a t t i t u d e  a n d  th e  a s s o c ia te d  e r r o r  h a v e  m a d e  a  s u b s ta n t ia l  c o n t r ib u t io n  to  
th e  e s t im a te d  e r r o r ,  as c a n  b e  o b s e rv e d  in  th e  e le v a te d  d is ta n c e  e rro rs . A s  w i t h  T e s t -1 ,  
th e  f in a l  v e lo c ity  e s t im a te  is m u c h  c lo s e r to  th e  t r u e  v e lo c ity  t h a n  th e  in d iv id u a l  in t e r ­
f r a m e  e s tim a te s , b u t  th e  e r r o r  is g re a te r  t h a n  T e s t -1 .  T h e s e  tw o  fa c to rs  c o n t r ib u te  to  
a n  in c re a s e  in  p r o je c t io n  e r r o r ,  as c a n  b e  seen in  F ig u r e  7 .1 6 , b a s e d  o n  th e  f in a l  f i lt e r e d  
e r r o r .
T h e  s h a p e  o f  th e  g ra p h s  in  F ig u r e  7 .1 6  is s im ila r  to  th o s e  o f  T e s t -1  in  F ig u r e  7 .1 1 ,  
a lth o u g h  th e  scales h a v e  b e e n  in c re a s e d  -  a l l  th r e e  g ra p h s  s h o w  a n  o rd e r  o f  m a g n itu d e  
in c re a s e  in  e r ro r .
7 . 3 . 3  T e s t  3
T e s t  3 g ives  a n  e x a m p le  o f  a  t a r g e t  a p p e a r in g  to  o r b it  th e  in s p e c t io n  s a te l l i te .  T h is  is 
a c h ie v e d  b y  s e tt in g  th e  n o n -o s c il la t in g  t im e -d e p e n d e n t  te r m s  o f  th e  u p d a te  m a t r ix  to  
0. F r o m  E q n .  (7 .6 6 ) :
- 3 + n_ i  -  6au/n_ i  -  0 (7.102)
Xn—i 2ui/n_ i  (7.103)
H e n c e , th e  in - t r a c k  v e lo c ity  is d e p e n d e n t  o n  th e  r a d ia l  d is p la c e m e n t. I f  E q n . (7 .1 0 3 )  
is  t r u e ,  th e  ta r g e t  w i l l  s ta r t  e a c h  o r b it  a t  th e  s a m e  p o s it io n  i t  b e g a n , re la t iv e  to  th e  
in s p e c t io n  s a te l l i te .
I n  T a b le  7 .3 , T h e  ta r g e t  r o t a t io n  u p d a te  is fo r m e d  f r o m  tw o  r o t a t io n  m a tr ic e s  -  F t w (p e r  
se c o n d  -p r e )  a n d  F f W(p e r  secon d  -p o s t ) .  T h e s e  a ffe c t th e  t a r g e t ’s p o se  b e fo re  a n d  a f te r  
th e  e x is t in g  r o t a t io n  f ro m  th e  p re v io u s  f ra m e , re s p e c tiv e ly . R t w ( p r e )  re p re s e n ts  th e  
t a r g e t ’s r o t a t io n  a x is , w h ile  F ^ ( p o s t )  is u se d  to  m o d e l n u ta t io n  o r  tu m b l in g  m o t io n .  
T h is  t u m b l in g  c a n  b e  seen  in  im a g e  f ra m e s  c o n ta in e d  in  th e  A p p e n d ix ,  F ig u re s  A .  11  
th r o u g h  to  A .  14 .
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Chapter 7. Relative Orbit Determination
Distance magnitude: Input Error vs. Predicted state error
Time (seconds)
Figure 7.14: Test 2: Filtered Distance Error 
Velocity magnitude: Input Error vs. Predicted state error
Time (seconds)
Figure 7.15: Test 2: Filtered Magnitude Velocity Error 119
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Error in projected target location, based on last filter result
Time from Filter End (minutes)
F ig u r e  7 .1 6 : T e s t  2: E r r o r  P r o je c t io n  U s in g  F in a l  F i l t e r e d  E s t im a te s
A s  th e  t a r g e t  m o ves  o u t  o f  v ie w  a n d  b a c k  in to  v ie w  a g a in  to w a rd s  th e  e n d , th e  m a in -  
b o d y  o f  th e  s a te l l i te  is n o t  a lw a y s  in  v ie w . A l th o u g h  n o  r e a l  p o s e  e s t im a t io n  c a n  b e  
fo u n d  fo r  th e s e  im a g e s , th e y  w e re  re je c te d  w i th o u t  h a lt in g  th e  s y s te m , a n d  a n y  s p u rio u s  
e s tim a te s  g e n e ra te d  w e re  ig n o re d . T h e r e  is a  g a p  f r o m  0 0 7 8 0  secon ds  to  0 5 8 0 0  seconds, 
d u r in g  w h ic h  t im e  th e  t a r g e t  o rb its  a r o u n d  b e h in d  th e  in s p e c t io n  s a te l l i te .  A t  t im e  
6 0 0 0 , 1 0 0  m in u te s  h a v e  o c c u rre d  s in ce  th e  s ta r t  o f  th e  te s t ( th e  d u r a t io n  o f  o ne  o r b it ) ,  
a n d  th e  ta r g e t  C o G  ( b u t  n o t  p o s e ) is th e  s a m e  as in  im a g e  0 0 0 0 0 .
F ig u re s  7 .1 7  a n d  7 .1 8  s h o w  th e  re s u lts  o f  T e s t  3. T h e  f irs t  b lo c k  o f  im a g e s  is b o r d e re d  b y  
a  series  o f  fa i le d  im a g e s , w h e re  th e  t a r g e t  is m o v in g  o u t  o f  v ie w . T h e  p r e d ic te d  lo c a t io n  
o f  th e  ta r g e t  a t  th e  s ta r t  o f  th e  se c o n d  b lo c k  o f  im a g e s  is 1 .5  m e tre s , in d ic a t in g  a  g o o d  
f in a l  e s t im a te  o f  th e  f i r s t  im a g e  b lo c k .
1 2 0
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Chapter 7. Relative Orbit Determination
Distance magnitude: input Error vs. Predicted state error
Time (seconds)
Figure 7.17: Test 3: Filtered Distance Error 
Velocity magnitude: Input Error vs. Predicted state error
Time (seconds)
Figure 7.18: Test 3: Filtered Magnitude Velocity Error
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S u n  L o c a t io n  ( A z im u t h )  : 2 2 5 °
S u n  L o c a t io n  (E le v a t io n )  : 1 0 °
O r b i t a l  M e a n  M o t io n  ( u )  : 3 6 0 / ( 1 0 0  *  e o f s - 1
4
1 0 -1 7
F r a m e  P e r io d  : 20s
t w t  ( s t a r t )  : [8 , —0 .3 , —0 .5 ]T m
v w t  ( s t a r t )  : [ 2 u *  0 .3 ,0 .0 0 3 ,0 .0 0 1 5 ]T m
R t w  ( s t a r t )  : R y ( — 4 : o ) R x ( — 1 8 o ) R y ( — 1 0 o )
R t w  ( p e r  se c o n d  — p re )  : R y ( - 1 .7 ° )
R t w  (p e i' s eco n d  — p o s t)  : R y (  0 .9 ° )
R i w  ( s t a r t )  : R x { - 7 ° ) R y ( 3 ° ) R z ( - 2 ° )
R i w  ( p e r  f r a m e )  : h
2
^ i w 1
t ic  • [0 ,0 ,  o f
R i c  '• h
T a b le  7 .3 : S t a r t in g  C o n d it io n s  -  T e s t  3
7 . 3 . 4  T e s t  4
T h e  te s t  in tro d u c e s  a  r o t a t in g  in s p e c t io n  s a te l l i te ,  in  th is  case r o t a t in g  a t  th e  s am e  
r a t e  as th e  ta r g e t .  T h e  ta r g e t  is in  a  z e r o -d r i f t  o r b it ,  e ffe c tiv e ly  o r b it in g  th e  in s p e c tio n  
s a te l l i te .  T h e  in s p e c tio n  s a te l l i te  is r o t a t in g  so as to  kee p  th e  t a r g e t  in  v ie w  fo r  as lo n g  
as p o s s ib le . T h e  r o t a t io n  o f  th e  in s p e c t io n  s a te l l i t e  is d e f in e d  b y  th e  m a t r ix  R { w  (p e r  
s e c o n d ), w h ic h  re m a in s  c o n s ta n t  th r o u g h o u t  th is  te s t .  T a b le  7 .4  b e lo w  g ives  th e  d e ta ils  
o f  th is  te s t.
I n  o r d e r  to  t r a c k  th e  ta r g e t  w h i le  m a in ta in in g  th e  o r ig in a l a s s u m p tio n s  o f  a n  u p r ig h t  
t a r g e t ,  th e  ta r g e t  is r o ta te d  b y  9 0 °  a b o u t  th e  x -a x is ,  so t h a t  th e  b o o m  p o in ts  a p p ro x ­
im a t e ly  a lo n g  th e  z -a x is . T h e  in s p e c t io n  s a te l l i te  is a lso  r o t a t e d  b y  9 0 ° ,  so t h a t  th e  
ta r g e t  a p p e a rs  u p r ig h t  f r o m  th e  p o in t  o f  v ie w  o f  th e  c a m e ra . I f  th e s e  r o ta t io n s  w e re  
n o t  c a r r ie d  o u t ,  th e  ta r g e t  w o u ld  a p p e a r  o n  its  s id e  f ro m  th e  c a m e r a ’s p e r s p e c t iv e , a n d  
w o u ld  a p p e a r  to  r o ta te  e n d  o v e r e n d  as th e  in s p e c tio n  s a te l l i te  tra c k s  th e  ta r g e t  d u r in g  
o n e  o r b it .
1 2 2
Chapter 7. Relative Orbit Determination
S u n  L o c a t io n  ( A z im u t h )  : 2 8 5 °
S u n  L o c a t io n  ( E le v a t io n )  : 1 0 °
O r b i t a l  M e a n  M o t io n  ( t o )  : 3 6 0 / ( 1 0 0  *  6 0 ) ° s " 1
4 i o - 17
F ra m e  P e r io d  : 20s
t > w t  ( s t a r t )  . [1 0 .5 , 0 . 2 , 0 ]T m
v w t  ( s t a r t )  : [ - 4 . 1 8 8 8  x  1 0 ~ 4 , 5 .4 9 7 8  x  1 0 - 3 ,0 ] T m
R t w  ( s ta r t )  : R y { - U o ) R x ( - 9 0 ° ) R y ( - 3 2 ° )
R t w  (p e r  secon d  — p r e )  : R y ( - 1 *5 4 ° )
R t w  (p e r  secon d  — p o s t )  : R z { - 0 M ° )
R i W  ( s t a r t )  : R x { - 9 0 ° )
R i w  (p e r  s e c o n d ) : R z ( — 0 . 0 6  ° )
2 
® i w
1
t * c : [ 0 , 0 , 0]T
R i c  ' h
T a b le  7 .4 : S t a r t in g  C o n d it io n s  -  T e s t  4
A s  th e  c a m e ra  is r o ta t in g  w i t h  t im e ,  th e  a t t i t u d e  o f  th e  in s p e c t io n  s a te l l i te  is e s t im a te d  
fo r  e a c h  f ra m e  r a t h e r  t h a n  o n c e  a t  th e  s ta r t  as w i t h  p re v io u s  te s ts .
F ig u r e s  A . 15 th r o u g h  to  A . 2 0  in  th e  A p p e n d ix  s h o w  th e  im a g e  f ra m e s  fo r  o ne  o r b it .  
F ra m e s  w h e re  th e  ta r g e t  is n o t  in  v ie w  a re  ig n o re d . A t  th e  s ta r t ,  th e  t a r g e t  a p p e a rs  
a t  a  d is ta n c e  o f  1 0 .5  m e tre s  in  f r o n t  o f  th e  c a m e ra . A s  th e  o r b it  p ro gresses , th e  ta r g e t  
a p p e a rs  to  m o v e  o ff  to  th e  r ig h t ,  a n d  o u t  o f  v ie w . T h e  ta r g e t  re a p p e a rs  f r o m  th e  r ig h t ,  
n o w  a t  a  d is ta n c e  o f  a b o u t  5 .3  m e tre s , a n d  h e n c e  m u c h  b ig g e r . T h e  ta r g e t  p ro ce e d s  to  
m o v e  across th e  im a g e , a n d  d e p a r ts  o n  th e  le f t  h a n d  s id e . I t  re a p p e a rs  o nce  m o re  f r o m  
th e  le f t ,  a t  a  d is ta n c e  o f  a b o u t  10  m e tre s . B y  th e  t im e  th e  t a r g e t  rea c h es  th e  c e n tre  o f  
th e  im a g e , o ne  h a l f  o f  th e  o r b it  h as  b e e n  c o m p le te d .
T h e  a p p a r e n t  m o t io n  o f  th e  ta r g e t  c a n  b e  e x p la in e d  b y  th e  t a r g e t ’s t r u e  m o t io n  a b o u t  
t h e  in s p e c t io n  s a te l l i te ,  in  F ig u r e  7 .1 9  b e lo w .
T h e  in n e r  c irc le  re p re s e n ts  th e  c a m e r a  v ie w p o in t ,  w h ic h  sw eeps a  o u t  th e  lo cu s  o f  a  
c irc le  w i t h  t im e .  T h e  o u te r  r in g  re p re s e n ts  th e  a c tu a l p o s it io n  o f  th e  ta r g e t  C o G . T h e  
s m a ll  c irc le s  m a r k  p o in ts  in  t im e ,  w i t h  th e  t im e  in  seconds g iv e n  n e x t  to  each  c irc le . T h e
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d o t te d  lin e s  s h o w  th e  d ir e c t io n  o f  th e  c a m e r a  o p t ic a l  a x is  fo r  eac h  p o in t  in  t im e . T h e  
f ig u re  is to  sca le , s h o w in g  th e  e l l ip t ic a l  n a tu r e  o f  th e  ta r g e t  o r b it  a b o u t  th e  in s p e c to r .  
T h e  r e la t iv e  v e lo c ity  o f  th e  ta r g e t  v a r ie s  d e p e n d in g  o n  th e  t a r g e t ’s p o s it io n  in  th e  o r b it  
p la n e . W h e n  th e  ta r g e t  is a t  t im e  0 seconds o r  3 0 0 0  seconds ( th e  s ta r t  a n d  h a lf -w a y  
a r o u n d ) ,  th e  ta r g e t  s p e e d  is  lo w e s t, a n d  th e  d is ta n c e  f r o m  th e  in s p e c t io n  s a te l l i te  C o G  
is h ig h e s t . C o n v e rs e ly , th e  t a r g e t ’s s p e e d  is h ig h e s t w h e n  c losest to  th e  o r ig in .
A t  t im e  6 0 0  seconds, th e  v ie w -p o in t  o f  th e  c a m e ra  is s ig n if ic a n t ly  f a r t h e r  fo r w a r d  a lo n g  
th e  ta r g e t  o r b i t a l  p a t h  t h a n  th e  ta r g e t  i t s e l f  -  h en c e , th e  ta r g e t  a p p e a rs  to  m o v e  o ff  th e  
r ig h t -h a n d  s id e  o f  th e  im a g e . A s  th e  ta r g e t  a p p ro a c h e s  th e  c losest p o in t  a t  1 / 4  o r b it ,  
i ts  s p e e d  in c re as e s , a n d  th e  t a r g e t  r e -a p p e a rs  f r o m  th e  r ig h t  a n d  m o ves  o ff-s c ree n  o n  
th e  le f t  s id e . T h e  a rro w s  in d ic a te  w h ic h  s id e  o f  th e  im a g e  th e  ta r g e t  is o n .
Rotating
F ig u r e  7 .1 9 : T e s t  4  : P e rc e iv e d  T a r g e t  O r b i t  f ro m  C a m e r a  P e rs p e c tiv e
A s  th e  c a m e ra  ro ta te s  w i t h  re s p e c t  to  th e  in e r t ia l  re fe re n c e  f ra m e , th e  a p p a re n t  lo c a t io n  
o f  th e  S u n  m oves as w e ll.  F ra m e s  4 4  th r o u g h  to  1 2 7  a re  b la n k ,  d e s p ite  th e  fa c t  t h a t  th e  
ta r g e t  is in  v ie w , as th e r e  is  n o  re f le c te d  l ig h t  d ire c te d  to w a rd s  th e  c a m e ra  ( th e  b lo c k  
o f  fra m e s  6 4 -8 4  a n d  8 5 -1 0 5  a re  n o t  s h o w n , as th e y  c o n ta in  n o  in fo r m a t io n ) .
F ig u r e s  7 .2 1  a n d  7 .2 2  s h o w  th e  d is ta n c e  a n d  m a g n itu d e  v e lo c ity  e s t im a t io n  e rro rs . A  
r o t a t in g  c a m e ra  c o m b in e d  w i t h  la rg e  g ap s  in  d a t a  a n d  in d iv id u a l  n o is y  e s tim a te s  o f  
c a m e r a  a t t i t u d e  c o m b in e  to  p ro d u c e  la rg e  u n c e r ta in t ie s  w h e n  th e  t a r g e t  re a p p e a rs .  
H o w e v e r , th e s e  la rg e  u n c e r ta in t ie s  a re  q u ic k ly  re m o v e d  in  e a c h  case. T h e  lo n g e s t g a p
124
Chapter 7. Relative Orbit Determination
o c c u rs  d u e  to  th e  f u l ly  s h a d o w e d  ta r g e t  b e tw e e n  t = 2 6 0 0  a n d  t = 4 1 6 0  seconds. D e s p ite  
th e s e  g ap s , a  r a p id  r e d u c t io n  in  e r r o r  o c c u rs  fo r  b o th  D is ta n c e  a n d  M a g n itu d e  V e lo c ity  
e s t im a te s  a f te r  e ach  g a p . T h e  f in a l  e s t im a t io n  e r r o r  a f te r  o n e  f u l l  o r b it  is 2 0 .1  c m  
d is ta n c e  a n d  0 .4 3  m m  s " 1 m a g n itu d e  v e lo c ity . F ig u r e  7 .2 0  b e lo w  sho w s th e  e r r o r  in  
ta r g e t  p r e d ic t io n , u s in g  th e  f in a l  f i l t e r e d  e s t im a te  as a n  e s t im a te  o f  th e  re la t iv e  o r b it  
p a ra m e te rs .
Error in projected target location, based on last filter result
Time from Filter End (minutes)
F ig u r e  7 .2 0 : T e s t  4: E r r o r  P r o je c t io n  b as e d  o n  F in a l  E s t im a te
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Distance magnitude: Input Error vs. Predicted state error
Time (seconds)
F ig u r e  7 .2 1 : T e s t  4: F i l t e r e d  D is ta n c e  E r r o r  
Velocity magnitude: Input Error vs. Predicted state error
Time (seconds)
Figure 7.22: Test 4: Filtered Magnitude Velocity Error 126
Chapter 8. Conclusions
C h a p t e r  8
C o n c l u s i o n s
T h e  f in a l  re s u lts  o f  th e  p re v io u s  c h a p te r  re p re s e n t th e  c u lm in a t io n  o f  th is  th e s is . E a c h  
f r a m e  in  th e  im a g e  s e q u e n c e  is  p ro ce s s e d  in d iv id u a l ly ,  a n d  w h e r e  p o s s ib le  a  p ose e s t im ­
a te  is e x tr a c te d . T h e  m a jo r i t y  o f  th e s e  p o se  e s tim a te s  a re  a c c o m p a n ie d  b y  a  c o v a r ia n c e  
m a t r ix .  In d iv id u a l ly ,  th e s e  e s tim a te s  c a n  b e  u sed  as e s tim a te s  o f  th e  ta r g e t  p o s it io n ,  
a n d  tw o  e s tim a te s  w i t h  a  t im e  in te r v a l  c a n  b e  u se d  to  e s t im a te  th e  ta r g e t  re la t iv e  v e ­
lo c ity . H o w e v e r , g iv e n  a  p o s s ib ly  d is jo in t  s e q u en ce  o f  im a g e s , th e  e s tim a te s  o f  e ach  
f r a m e  c a n  b e  f i l t e r e d  to  f i t  th e  m o d e l o f  r e la t iv e  o rb its  g iv e n  b y  H i l l ’s E q u a t io n s , as  
s h o w n  in  th e  p re v io u s  c h a p te r .  T e s t  4  re p re s e n ts  a  d ir e c t  a p p l ic a t io n  o f  th e  in d iv id u a l  
f r a m e  p ose  e s tim a te s  in  o r d e r  to  o b ta in  a  f i l t e r e d  set o f  r e la t iv e  o r b i t a l  p a ra m e te rs . T h e  
te s t  c o n ta in s  a  c o m p lic a te d  se t o f  c o n d it io n s , su c h  as ta r g e t  n u ta t io n ,  in s p e c tio n  s a te l­
l i t e  r o ta t io n ,  n o is y  e s tim a te s  o f  a t t i t u d e  o v e r t im e  a n d  im p re c is e  o r b it a l  m e a n  m o t io n  
k n o w le d g e . T h e  in s p e c t io n  s a te l l i te  is set to  r o ta te  a t  th e  s a m e  r a te  as th e  p e r io d  o f  
r e v o lu t io n  o f  th e  t a r g e t ,  y e t  th is  p e r io d  is k n o w n  to  th e  in s p e c t io n  s a te l l i te ,  w i t h in  som e  
e r r o r  m a r g in . A s  th e  im a g e s  in  th e  A p p e n d ix  s h o w , th e  in s p e c t io n  s a te l l i t e  o fte n  looses  
s ig h t  o f  th e  ta r g e t .  W h e n  th e  ta r g e t  re a p p e a rs , u n c e r ta in t ie s  a re  q u ic k ly  re m o v e d . I f  
t h e  ta r g e t  d oes n o t  r e a p p e a r ,  as w i t h  T e s t  1, th e  f in a l  f i l t e r e d  e s t im a te  c a n  b e  u sed  to  
p r e d ic t  th e  lo c a t io n  o f  th e  ta r g e t ,  a l lo w in g  re -a c q u is it io n . T h e s e  te s ts  h a v e  p re s e n te d  
a  n u m b e r  o f  p o s s ib le  d if f ic u lt ie s  to  th e  p r e d ic t io n  s y s te m , a n d  y e t  re a s o n a b le  re s u lts  
h a v e  b e e n  o b ta in e d  in  e a c h  case, in d ic a t in g  t h a t  th e  s y s te m  p re s e n te d  is ro b u s t  to  e r ro r  
a n d  b a d  o r  m is s in g  d a ta .  A  re a s o n a b le  re s u lt  is a  d is ta n c e  e r r o r  in  th e  o rd e r  o f  1 0 ’s o f  
c e n t im e tre s  g iv e n  a  ta r g e t  a p p r o x im a te ly  8 m -1 0 m  aw ay , a n d  a  m a g n itu d e  v e lo c ity  e r r o r  
in  th e  re g io n  o f  a  fe w  m i l l im e t r e s  p e r  s eco n d  g iv e n  a  ta r g e t  r e la t iv e  s p e e d  o f  1 -2  c m  s_ 1 .
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W i t h  su ch  e s tim a te s , th e  p re d ic te d  ta r g e t  lo c a t io n  e s t im a te  is u s u a lly  w i t h in  1 0 %  o f  
th e  t r u e  d is ta n c e  to  th e  ta r g e t  o v e r a  t im e  f r a m e  o f  15 m in u te s .
T h e  p re v io u s  c h a p te r  o n ly  m a d e  use o f  th e  p o s it io n  e s tim a te s  g e n e ra te d  fo r  each  f ra m e .  
I n  a d d i t io n  to  m o d e l l in g  th e  r e la t iv e  o r b i t a l  p a r a m e te rs , a  r o t a t io n a l  m o d e l o f  th e  ta r g e t  
c o u ld  b e  e s t im a te d  o v e r th e  im a g e  sequ ence . P a r a m e te r s  su ch  as th e  r o ta t io n  a x is , th e  
m a g n itu d e  o f  r o t a t io n  p e r  u n i t  o f  t im e ,  a n d  p o s s ib ly  th e  m o t io n  o f  th e  r o ta t io n  a x is  
c o u ld  b e  m o d e lle d  a n d  e s t im a te d . H o w e v e r , i t  m a y  b e  m o re  e ff ic ie n t  to  use a  f ra m e -  
b y - f ra m e  t r a c k in g  s y s te m , su c h  as [20 , 2 1 ], to  p e r fo r m  such  e s t im a t io n . A  t r a c k in g  
s y s te m  w o rk s  w e ll  w i t h  s m a ll  t im e  in te rv a ls  b e tw e e n  fra m e s  a n d  a  g o o d  in i t i a l  p ose a n d  
v e lo c ity  e s t im a te . S u c h  e s tim a te s  c a n  b e  s u p p lie d  b y  th e  s y s te m  o u t l in e d  in  th is  th e s is . 
T ra c k in g  s y s te m s  im p le m e n te d  in  h a r d w a r e  su c h  as [21] h a v e  b e e n  s h o w n  to  w o r k  
w i t h  h ig h  f r a m e  ra te s , g iv e n  s u ita b le  in i t i a l  c o n d it io n s , a n d  w o u ld  fa c i l i t a te  a  q u ic k  
a n d  a c c u ra te  e s t im a t io n  o f  b o th  r o t a t io n  a n d  p o s it io n  e s tim a te s , p o s s ib ly  w i t h  a  h ig h e r  
d e g re e  o f  a c c u ra c y  t h a n  o u t l in e d  h e re . H o w e v e r , th e  im a g e  sequ ences  p re s e n te d  h e re  
h a v e  o fte n  lo s t s ig h t o f  th e  ta r g e t ,  e i th e r  d u e  to  th e  ta r g e t  m o v in g  o u t  o f  th e  f ie ld  o f  v ie w  
o r th r o u g h  s h a d o w in g , c a u s in g  g ap s  in  th e  a v a ila b le  d a ta .  I f  th e  t r a c k in g  s y s te m  is n o t  
1 0 0 %  p e r fe c t , th e n  p a r t ic u la r  t a r g e t  o r ie n ta t io n s  m a y  cause  a  t r a c k in g  s y s te m  to  fa i l ,  
a d d in g  to  such  g ap s  in  d a ta .  A n y  e rro rs  in  m o d e ll in g  ta r g e t  p a r a m e te rs  w i l l  b e  in c re a s e d  
w i t h  t im e ,  a n d  lo n g  g ap s  m a y  g e n e ra te  su c h  g re a t  e rro rs  t h a t  a  t r a c k in g  s y s te m  w o u ld  
b e  u n a b le  to  re -a c q u ire  th e  ta r g e t .  T h e  s y s te m  p re s e n te d  h e re  g e n e ra te s  t r a n s la t io n  a n d  
o r ie n ta t io n  e s tim a te s  e a c h  f r a m e , in d e p e n d e n t  o f  e ach  o th e r . T h e r e fo r e ,  t im e  in te rv a ls  
b e tw e e n  fra m e s  a n d  e rro rs  in  p a r a m e te r  e s t im a t io n  h as  n o  e ffe c t o n  in d iv id u a l  f ra m e  
e s tim a te s . A  s u ita b le  f u t u r e  im p ro v e m e n t  to  th is  s y s te m  w o u ld  b e  to  c o m b in e  th e  sp e e d  
a n d  e ff ic ie n c y  o f  a  t r a c k in g  s y s te m  w i t h  th e  in i t ia l is a t io n  a n d  ro b u s tn e s s  o f  th e  s y s te m  
p re s e n te d  in  th is  th e s is .
A n o th e r  a re a  fo r  f u tu r e  im p ro v e m e n t  w o u ld  b e  to  e x p a n d  th e  scop e  o f  th e  h e u ris t ic s  
u s e d  to  id e n t i f y  c o rre s p o n d e n c e  b e tw e e n  d e te c te d  im a g e  lin e s  a n d  m o d e l lin e s . T h e  
p u rp o s e  o f  th e  c u r re n t  h e u r is t ic s  w as  to  s h o w  t h a t  such  a  s y s te m  c o u ld  w o r k , r a th e r  
t h a n  p ro d u c e  a  s y s te m  t h a t  c a n  co p e  w i l l  a l l  p o s s ib le  e v e n tu a lit ie s .  C u r r e n t ly ,  th e  
h e u r is t ic s  h a v e  b e e n  s h o w n  to  w o r k  fo r  a  l im i t e d  ra n g e  o f  t a r g e t  o r ie n ta t io n ,  w h ic h  
d oes n o t  in c lu d e  th e  E a r t h  o r S ta r - fa c in g  fac e ts . T h e  a d d i t io n  o f  h e u r is t ic s  re q u ire d  to  
c o p e  w i t h  th e  n e w  fa c e ts  s h o u ld  p ro v e  n o  m o re  d if f ic u lt  t h a n  th e  c re a t io n  o f  th e  e x is t in g  
s e t. T h e s e  h e u r is t ic s  d o  n o t  n e e d  to  b e  c o n s ta n t ly  a c c u ra te  -  i t  is m o re  im p o r t a n t  to
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f in d  s e v e ra l g o o d  m a tc h e s  a n d  in c lu d e  s o m e in c o r re c t  ones, r a th e r  th a n  in s u re  t h a t  
a l l  m a tc h e s  a re  c o r re c t  a t  th e  e x p e n s e  o f  lo o s in g  s o m e g o o d  m a tc h e s . T im e  a n d  e ffo r t  
w o u ld  b e  re q u ir e d  to  in c re a s e  th e  scop e  o f  th e  c u r re n t  h e u r is t ic s , a n d  th e  f in a l  se t w o u ld  
s t i l l  b e  v e ry  d e p e n d e n t  o n  th e  p a r t ic u la r  ta r g e t  cho sen , b u t  b o th  th e  cost in  t im e  a n d  
l im i t in g  th e  scop e  to  a  s in g le  t a r g e t  is a c c e p ta b le  fo r  a  p o t e n t ia l  in s p e c tio n  m is s io n . 
A  s in g le  t a r g e t  w o u ld  p r o b a b ly  b e  th e  scop e  o f  su ch  a  m is s io n , a n d  th e  t im e  ta k e n  to  
m a n u a l ly  d e v e lo p  th e  h e u r is t ic s  w o u ld  b e  o u tw e ig h e d  b y  th e  d e v e lo p m e n t t im e  o f  th e  
in s p e c tio n  s a te l l i te  its e lf .  H o w e v e r , m o re  a u to m a te d  m e th o d s  o f  p a t t e r n  id e n t i f ic a t io n  
a n d  h e u r is t ic  c r e a t io n  w o u ld  re d u c e  th e  t im e  re q u ir e d  to  im p le m e n t  a  s y s te m  f r o m  
s c ra tc h . H u m a n  in p u t  m a y  s t i l l  b e  re q u ir e d  in  th e  fo r m  o f  a  f in a l  check.
I f  th e  h e u r is t ic  s y s te m  w as  e x p a n d e d  o r  e v e n  re p la c e d , th e  m o d u la r  d e s ig n  o f  th e  o v e ra ll  
s y s te m  re q u ire s  n o  ch a n g e s  in  th e  re m a in d e r  o f  th e  m o d u le s . A l l  t h a t  is re q u ir e d  o f  
th e  re p la c e m e n t  b lo c k  in  te r m s  o f  in p u ts  a n d  o u tp u ts  is to  a c c e p t th e  in p u t  o f  d e te c te d  
lin e s  a n d  m o d e l lin e s , a n d  p ro d u c e  a n  o u tp u t  o f  m a tc h in g  m o d e l a n d  im a g e  lin e s . T h e  
o th e r  b lo c k s  in c lu d e  c o rre s p o n d e n c e  to  p o se  e s t im a t io n  (w h ic h  in c lu d e s  th e  c a p a c ity  to  
id e n t i f y  a n d  re je c t  in c o r r e c t  c o rre s p o n d e n c e s , a n d  o u tp u t  a  set o f  p o se  e s t im a te s ) ,  p o se  
e s t im a t io n  re f in e m e n t  a n d  s ta t is t ic a l  in fo r m a t io n  o f  e s tim a te s  (w h ic h  o u tp u ts  th e  p o se  
e s tim a te s  a n d  th e  a s s o c ia te d  c o v a r ia n c e  m a t r ic e s ) ,  a n d  th e  f in a l  a p p l ic a t io n  s ta g e . In  
eac h  case, th e  in d iv id u a l  b lo c k  m a y  c o n ta in  c o m p lic a te d  p ro cesses, b u t  th e  t ra n s fe r  o f  
in fo r m a t io n  b e tw e e n  b lo c k s  is re d u c e d  to  th e  m in im u m  re q u ire d .
T h e  m o d u le  p re c e d in g  a l l  th e s e  is re s p o n s ib le  fo r  im a g e  g e n e ra t io n , w h ic h  ta k e s  th e  
c o n d it io n s  o f  th e  s im u la t io n  a n d  p ro d u c e  th e  im a g e s  o f  th e  ta r g e t .  A lth o u g h  in - o r b i t  
te s t in g  is a lw a y s  p r e fe r e n t ia l  to  s im u la t io n  re s u lts , n o  s u c h  d a t a  w as  a v a ila b le , a n d  
h e n c e  a  s im u la t io n  s y s te m  h a s  b e e n  d e v is e d  to  c re a te  a n  im a g e  o f  th e  ta r g e t  fo r  a  g iv e n  
p o s e  a n d  lo c a t io n  w i t h  re s p e c t  to  a  p re -d e f in e d  c a m e ra . T h is  s im u la t io n  s y s te m  m o d e ls  
m o t io n  b a s e d  o n  H i l l ’s e q u a tio n s , a n d  a c c o u n ts  fo r  a  v a r ie ty  o f  re fe re n c e  fra m e s  w h e n  
c a lc u la t in g  th e  a p p a r e n t  o r ie n ta t io n  a n d  p o s it io n  o f  th e  ta r g e t  w i t h  re s p e c t to  th e  c a m ­
e ra . Im a g e s  c re a te d  a re  re n d e r e d  u s in g  d e d ic a te d  f re e -w a r e  s o ftw a re  to  c re a te  a  re a lis t ic  
p o r t r a y a l  o f  th e  ta r g e t .  T h is  r e n d e r in g  s o ftw a re  ta k e s  in to  a c c o u n t l ig h t in g  c o n d it io n s , 
s u rfa c e  c o n d it io n s  s u c h  as re f le c tio n s  a n d  s p e c u la r ity , a n d  ta r g e t  s e lf-o c c lu s io n . P o s t ­
p ro c e s s in g  d e l ib e r a te ly  d e g ra d e s  th e  q u a l i ty  o f  th e  im a g e , to  b e t t e r  re p re s e n t a n  im a g e  
ta k e n  f r o m  a  s a te l l i te  c a m e ra . A s  th e  im a g e s  a re  a l l  s im u la te d , a n  e x a c t  g r o u n d - t r u th  
is k n o w n , n ec e s s a ry  fo r  e r r o r  a n a ly s is . T h is  s im u la t io n  s y s te m  re p re s e n ts  a  d e ta i le d
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te s t -b e d  fo r  th is  th e s is , b u t  is in d e p e n d e n t  o f  th e  f in a l  a p p l ic a t io n  a n d  c o u ld  b e  u se d  
fo r  a n y  in s p e c t io n  s y s te m  te s t in g . I n  o rd e r  to  f u l ly  v a l id a te  th is  s y s te m , re a l  in - o r b i t  
d a t a  w o u ld  b e  r e q u ir e d . Im a g e  a r t i fa c ts  su ch  as len s  f la r e  a n d  s a tu r a t io n  w o u ld  n e e d  to  
b e  in c lu d e d . S u b je c t iv e  c o m p a r is o n s  b e tw e e n  in - o r b i t  a n d  s im u la te d  im a g e s  w o u ld  n ee d  
to  b e  c a r r ie d  o u t ,  to  fu r th e r  im p ro v e  a n d  re f in e  th e  s im u la t io n  s y s te m . T h is  s y s te m  is 
in te n d e d  to  re d u c e  th e  re lia n c e  o n  in - o r b it  te s t in g , r a t h e r  th a n  re p la c e  su ch  v e r if ic a t io n .
W i t h o u t  r e a l  in - o r b it  im a g e s  to  v a l id a te  th e  s im u la te d  im a g e s , su ch  a  s im u la t io n  s y s te m  
c a n n o t  b e  s a id  to  a c c u r a te ly  re p re s e n t t r u e  c o n d it io n s  in  sp ace . H o w e v e r , th e  im a g e s  
g e n e ra te d  in  th is  s im u la t io n  re p re s e n t a  s im ila r  d e g re e  o f  d i f f ic u lty  f r o m  th e  p o in t  o f  
v ie w  o f  a n y  m a c h in e  v is io n  s y s te m . T h e  o b je c t  o f  eac h  f r a m e ’s a n a ly s is  is  to  e x t r a c t  th e  
t a r g e t  p o se  u s in g  p r io r  k n o w le d g e  o f  th e  t a r g e t ,  w h ic h  is d e m o n s tr a te d  h e re . A l th o u g h  
t r u e  in - o r b it  re s u lts  m a y  v a ry  in  s u b je c t iv e  a p p e a ra n c e  f r o m  th e  im a g e s  g e n e ra te d  
h e re , th e  d if f ic u lt ie s  o f  p o se  e s t im a t io n  th r o u g h  c o rre s p o n d e n c e  o f  d e te c te d  l in e  fe a tu re s  
re m a in s  th e  s a m e . I n  th e  s im u la te d  case, th e  t a r g e t  k n o w le d g e  a c c u r a te ly  re p re s e n ts  
th e  ta r g e t  in  th e  im a g e , w h ic h  is  a lso  t r u e  fo r  r e a l  im a g e s  a s s u m in g  a c c u ra te  a -p r io r i  
ta r g e t  k n o w le d g e . T h e  p u rp o s e  o f  th is  th e s is  is to  d e m o n s tr a te  t h a t  th is  m e th o d  o f  p ose  
e s t im a t io n  a n d  r e la t iv e  o r b it  d e te r m in a t io n  is p o s s ib le , a n d  n o t  to  p ro v id e  p r o o f  t h a t  
s u ch  a  s y s te m  m u s t w o r k . I f  such  a  m is s io n  is f lo w n , th e n  m u c h  m o re  r ig o ro u s  te s t in g  
is r e q u ir e d  a b o v e  a n d  b e y o n d  s im u la t io n . I n  th is  case, th e  s im u la t io n  o ffe rs  a  s u ita b le  
d e g re e  o f  d if f ic u lty  t h a t  h as  b e e n  o v e rc o m e , in d ic a t in g  t h a t  th e  p a r t ic u la r  d if f ic u lt ie s  
a d d re s s e d  in  th is  th e s is  a re  m a n a g e a b le  a n d  t h a t  a  r e a l  in s p e c t io n  m is s io n  is fe a s ib le .
I n  o rd e r  to  v a l id a te  th e  s y s te m  as a  w h o le , in - o r b it  te s t in g  is r e q u ir e d . H o w e v e r , th e re  
a re  in te r m e d ia te  s tep s  t h a t  c a n  b e  ta k e n  o n  th e  g ro u n d  to  in c re a s e  th e  l ik e lih o o d  o f  
a  success fu l in - o r b it  te s t . T h is  m ig h t  in c lu d e  e s t im a t in g  th e  p o s e  u s in g  a  r e a l c a m e ra  
a n d  life -s iz e  m o d e l ta r g e t ,  m o v in g  th e  m o d e l in  c o n tro lle d  c o n d it io n s  a lo n g  a  s im p le  
p a t h  a n d  a t t e m p t in g  to  f in d  p a r a m e te rs  o f  m o t io n ,  a n d  f in a l ly  m o d e ll in g  o r b it  o r b i t a l  
m o t io n  w i t h  a  r e a l  c a m e r a  a n d  ta r g e t  in c lu d in g  ta r g e t  r o ta t io n .
F o r  in - o r b it  te s t in g , i n i t i a l  te s ts  w o u ld  b e g in  w i t h  m o n ito r in g  s a te l l i t e  s e p a ra t io n , a n d  
a t t e m p t in g  to  e s t im a te  m o t io n  w h ile  th e  ta r g e t  is s t i l l  in  v ie w . D e d ic a te d  m is s io n s  c o u ld  
fo llo w , p e rh a p s  w i t h  in s p e c t io n  s a te ll ite s  s e p a r a t in g  f r o m  th e  ta r g e t  a n d  m o v in g  to  a  
p a s s iv e  r e la t iv e  o r b it  a b o u t  th e  ta r g e t .  F in a l  v a l id a t io n  m a y  b e  g a in e d  f ro m  re -d o c k in g  
w i t h  th e  ta r g e t  a f te r  s e p a r a t io n  in  a  c o n tro lle d  a n d  safe  m a n n e r .
T h e  p ro c e s s in g  t im e  fo r  e a c h  f ra m e  to  p ro d u c e  a  f in a l  p ose  e s t im a te  is u s u a lly  a ro u n d
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1 m in u te  o n  a  4 0 0  M H z  U l t r a S p a r c - I I .  T h is  t im e  is o n ly  m e a n t  as a  ro u g h  g u id e  
to  th e  c o m p u ta t io n a l  r e q u ir e m e n ts , as th e  s y s te m  is w r i t t e n  u n -o p t im is e d  M A T L A B  
cod e . N o  r e a l  a t t e m p t  w as  m a d e  to  re d u c e  c a lc u la t io n  t im e s . F o r  e x a m p le , d u r in g  
t h e  q u a l i ty - o f - f i t  e s t im a t io n ,  a l l  im a g e -to -m o d e l p a irs  w e re  te s te d  fo r  a  q u a l i ty  o f  f i t  
v a lu e  as g iv e n  b y  5 .3 2 . T h is  p ro v e d  to  b e  th e  m o s t c o s tly  fu n c t io n  in  th e  R A N S A C  
lo o p  in  te rm s  o f  t im e .  M in o r  m o d if ic a t io n s  w o u ld  p r o b a b ly  g iv e  la rg e  re d u c t io n s  in  
c a lc u la t io n  t im e .  A ls o , th e  d u r a t io n  c o u ld  b e  s u b s ta n t ia l ly  re d u c e d  b y  t r a n s fe r r in g  to  
a  c o m p ile d  la n g u a g e  su c h  as C ,  a n d  b y  re m o v in g  th e  e x tra n e o u s  e r ro r -c h e c k in g  a n d  
d e v e lo p m e n t c o d e . H o w e v e r , s a te l l i te  p ro cesso rs  a re  n o t  as p o w e r fu l as th e  U l t r a S p a r c .  
T h e  S N A P - 1  n a n o s a te l l i te  h as  a  S t r o n g A r m  p ro c e s s o r d e d ic a te d  to  v is io n  p ro c e s s in g  
c a p a b le  o f  r u n n in g  a t  u p  to  2 0 0  M H z ,  a l th o u g h  th is  p a r t ic u la r  p ro ce s s o r does n o t  c o n ­
t a in  a  f lo a t in g -p o in t  u n i t  [61 ]. T h e  te s ts  c a r r ie d  o u t  in  th is  th e s is  h a v e  t im e  in te rv a ls  
b e tw e e n  fra m e s  o f  5 to  2 0  secon ds , a l th o u g h  th is  is  h e a v ily  d e p e n d e n t  o n  th e  r e la t iv e  
s p e e d  o f  th e  ta r g e t .  H ig h e r  r e la t iv e  speed s  m a y  p o se  a n  u n a c c e p ta b le  r is k  to  b o th  s a te l­
l ite s . T h e r e fo r e ,  i t  s h o u ld  b e  p o s s ib le  to  im p le m e n t  th is  s y s te m  fo r  a  c u r re n t  m is s io n ,  
b y  s p e c ify in g  th e  m a x im u m  ta r g e t  s p e e d  a n d  h e n c e  m a x im u m  f r a m e  r a te .
8.1 Novelty Achieved
T h is  w o r k  d e s c rib e s  a  n o v e l a p p ro a c h  to  e s t im a t in g  th e  ta r g e t  p o s it io n  a n d  o r ie n ta t io n  
u s in g  a  s in g le  p a s s iv e  m o n o c u la r  im a g e  a n d  a -p r io r i  in fo r m a t io n  o f  th e  ta r g e t ,  w i th o u t  
a c t iv e  o r p a s s iv e  h e lp  o f  a n y  k in d  f r o m  th e  ta r g e t .  S u c h  e s tim a te s  h a v e  b e e n  u sed  to  
p ro v id e  r e la t iv e  o r b it  in fo r m a t io n  o f  th e  ta r g e t .  T h is  th e s is  h as  s h o w n  th e  e n t ir e  s y s te m ,  
f r o m  a c c u ra te  im a g e  g e n e ra t io n  w h ic h  re p re s e n ts  th e  c o n d it io n s  in  o r b it  to  e s t im a t in g  
th e  t a r g e t ’s p o s it io n  o v e r t im e .  T h e  s y s te m  in t r o d u c e d  in  th is  w o r k  is e x p e c te d  to  
h a v e  a  c o n s id e ra b le  n u m b e r  o f  a p p lic a t io n s , in c lu d in g  re m o te  in s p e c tio n , a u to n o m o u s  
d o c k in g , a n d  r e s u p p ly /r e fu e l l in g  m is s io n s . F u r th e r m o r e ,  th e  p ro p o s e d  e n h a n c e m e n ts  
d e s c r ib e d  a b o v e  s h o u ld  f u r th e r  im p ro v e  th e  p e r fo rm a n c e , a n d  b e g in  th e  p ro m o t io n  o f  
th is  s y s te m  f r o m  re s e a rc h  in to  a c t iv e  in d u s t r ia l  use.
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Figure A.3: Test 1 : Image Frames 1 through 21
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Figure A.4: Test 1: Image Frames 22 through 40
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Figure A.G: Test 1: Detected Lines, Frames 22 through 40
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Figure A.7: Test 2: Image Frames 1 through 21
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Figure A. 11: Test 3: Image Frames 1 through 21
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Figure A. 12: Test 3: Image Frames 22 through 42
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Figure A. 13: Test 3: Image Frames 43 through 63
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Figure A. 15: Test 4: Image Frames 1 though 21
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Figure A.16: Test 4: Image Frames 22 though 42
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Figure A. 18: Test 4: Image Frames 106 through 126
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A p p e n d i x  B
M i s c e l l a n e o u s  D e r i v a t i o n s
B .l Matrix Derivatives
This material is adapted from [65]:
• The derivative of a scalar value a with respect to an nxl vector x (also known as 
a gradient vector):
da
K
da d a  _ _ da
d x  i d x  2 d x n (B.l)
* The derivative of a with respect to x (also known as the Jacobian matrix), where 
a is an mxl vector and x is an nxl vector:
da
dx
d a i
da\ dai da\ d a  i
d x  i dX2 d x n d x
da2 dao. da2 da2
d x  i d x  2 d x n — d x
d a m d a m d a m dam
.  d x i dX2 d x n . .  d x  .
(B.2)
The derivative of arx with respect to x, where a is an nxl vector independent of 
x:
aTx =  xTa =  a\xi +  a2x2 + • • • + anxn (B.S)
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daTx dxTa
dx dx
a x
dx\
a x
dx2
a x
dxn
a i a2
=  a (B.4)
® The derivative of aTb with respect to x, where a and b are both dependent on 
x:
a b = arfi + a2b2 + • • • +  anbn (B.5)
d a j j
dx d x i  8 x 2
da ibj 
d x n
M°±h. n .Ih.  <ELh.+n .IAL
d x  1 °3  ^  a% d x  1 d x 2 °3  ^  d x  2
da±h- iD±h-
d x x  °3  d x 2 °3
dai, dbj
— — bj + a* ——  dx J dx
d“i-b- 
d x n 3
|£LA. +  a A  
d x n 3 1 d x n
+ dbj dbj dbj
Q i d x i ^  d x  2
(B.6)
daTb
dx —  (ai&i +  a2&2 +
dai&i da2b2
H x h
+  Unbri)
danbn
dx
dai
dx + dx
+
+
ft -U dbl-x—bi +  ai" j— dx dx
dan dbn
a On +  an o dx dx
dai da2
■W- Ol +  ~x~b2 +  • • dx dx
,( dbi db2
+  U — +  a2— +
da2 h ,
+  + 2-6 
+  a x  r
+  &n
d & n \
d x j
rp d  Si rp
b 1 ~  ^db dx a dx (B.7)
• The derivative of Ax with respect to x, where A  is an nxn matrix that is inde­
pendent of x:
A  —
al
Ta2 (B.S)
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Using Eqn. (B.4),
9a[x
9 x
Tal
d Ax d aj x dx Ta2
dx
9a7 x
L d x J T  . a n
® The derivative of f(x) =  xT Ax with respect to the nxl vector x, where A  is an 
nxn matrix that is independent of x:
Using the results of Eqns. (B.7) and (B.9),
d f (x) dxT (Ax)
dx dx
(Ak )t 9 x  ' -T <9 Ax_ +  x '1 ——
dx dx
= xtAt + xtA 
= xT(AT + A)
if A is a symmetric matrix (A =  A T ):
df(x) dxT (Ax) T= 2x A
(B.10)
dx dx
The second derivative of f(x) —  xTAx with respect to the nxl vector x (also 
known as the Hessian matrix), where A  is an nxn matrix that is independent of 
x:
Using the result of Eqn. (B.10):
d2f(x) dxT (AT + A) dxTB
d x 2 dx dx
For an nxn matrix B:
(B.12)
B b x  b 2 • • • b r (B.13)
d x.T b i  
d x 'bf '
dxTB dxTbsdx b?
dx
dxTb„L dx J
...
 
-1
... 
h 
crOi
B J (B.14)
Setting B  — (AT +  A) and combining results of Eqns. (B.12) and (B.14):
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J P - = (AT +  A f  =  (AT + A)
C f X
Hence, if A  is symmetrical, Eqn. (B.15) becomes:
« ! M  = , a
8 x 2
(B.15)
(B.16)
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A p p e n d i x  C
N o t a t i o n  U s e d
This section of the appedndix describes the notation used throughout this thesis, unless 
stated otherwise.
• Scalar values are lowercase italics (eg. x).
® Matrices are capital letters (eg. X ), and are described as axb matrices, where a 
is the number of rows and b is the number of columns of the matrix in question.
® Vectors are lowercase bold (eg. x). Row vectors are written as 1x77 and Column 
vectors are described as nxl, where n is the length of the vector.
® The transpose of a matrix is identified by the superscript capital T (eg. X T ).
• The Dot Product of two vectors x and y is written as x-y =  x^y
® Cross Products use a cross in the notation (eg. x x y = z).
® The Norm or Magnitude (length) of a vector is written as ||x|j = fex • x = V x Tx
® A  unity-length vector is written as x, where x =
• The derivative of a scalar x with respect to time is written in shorthand as x, 
and the second derivative is written as x.
® The concatenation of two matrices or vectors with the same number of rows 
are displayed inside square brackets, separated by commas. For example, P  =  
[Pi,P2], where Pi is an axb matrix, P2 is an axe matrix, and P  is an ax(b + c) 
matrix.
156
Appendix C. Notation Used
® The referencing of individual values or ranges of values in a vector or matrix 
is similar to the M A T L A B  referencing system, where the first range indicates 
the row from the top, and the second range indicates the column from the left. 
As with MATLAB, the first column or row is 1 (as opposed to 0). Ranges are 
expressed with a colon for example 4:6. Hence, A(3,2 : 5) indicates a length-4 
row vector formed by the second to the fifth values of the third row (from the 
top) of A.
• Homogeneous coordinates (see Section 3.1.2) are represented by a tilde accent 
above the original vector. For example, the homogeneous representation of the 
vector x is given by x.
® Initial estimates of state vectors for Kalman filters (see Section 7.2) are written 
as xn, for some time tn.
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